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Transformation of Stress

Theory & Examples

* Triaxial states of stress are shown in Fig. (1). Y
Only positive stresses on positive faces are shown T 1 Sy T
|

* Biaxial states of stress (Plane Stress):

When all stresses act in the same plane.

= Work in 2-D as shown in Fig. (2) in the

X-y directions.

Itis pOSSibIe to have the orientation in different directiond ‘, -

as shown in Fig. (3) in the x ~y“directions.

Now, relationships between the stresses in the L® - @ : Str.ess.e:_,..-T 05 e

g v’ directi e 5""“‘“‘
x-y and x ~y“directions are sought. o O‘WV o retmar——— T$$

e el | Fis,@...




From Fig. (4), the sum of forcesinthe x”andy’ [ .. s vJP_,,,‘_..._,‘W.,_...__
directions must be zero. ‘T_.! J‘ﬂ
* Note that forces not stresses are added. ﬁ(du Cos Bj , Zﬁ‘-

(2 egs. & 2 unkns.) T JQ

,,g( o\a o5 8)
SF=0&3F=0 = e o s enmed
f‘( ( Ja sng)
ox'= 0% C0S° B+ oy Sin” O+ 2 5, 5in @cos O |....... . ) I @ (Aq Sin.8)

Ty = - (0x - &) sin @ cos B+ 1, (cos® O~ sin® O)

Recall that Fig. (4)
cos® 8= (1 + cos 26)/2
sin” 8= (1 - cos 26)/2
sin @cos @=sin 26/2
cos® @-sin” @= cos 20
g +0 o -0 ,
g,=—"—>+—"_—"cos208 +z, sin26 [1]
2 2
o -0, .
T,, =— Ty sin 26 + t,, cos 26 [2]
Similarly,
o +0 g, —
o, =—*-—"—%cos20 -7, sin 20 [3]
y 2 2 Y
Ty/X/: TX/y/ [4]
* Note that oy + oy = oy -+ oy-= | (Invariant with any 6) < Use it to check.

When ¢ & 1 on any two orthogonal faces are known, the stress components on all (any) faces

(plane stress) can be calculated.



Principal Normal Stresses:

ox=1(6) = toget oxmax , Set dgex' =0 = find l9p = Ox’max
do, .
=« 0,-0,)sin28, +2t, cos 26 =0
dg x y P xy p
27 T
Dividing by cos 26, tan 20p = o e [5]

g, -0, o g -0,)2

From the equation above, Fig. (5) shown can be constructed.

R = \/(%) T e

coszep,:( a"_‘;{) /2
. -7 o -0 )2
sin 26 , = = : . cos26,= » :
2
o +0 g -0 g +0
2O =5 “—f\/(—xz y) +Tfy=—X2 “t R [7]

' Principal Normal Stresses

The directions are given by 0p; and 6,
Note that 26,, =261+ 7 = 61 L G

Also note that z-y- = 0 on the planes which the principal normal stresses act.




maximum Shear Stresses: <= sometimes called principal t

. _ dry,
%y = (@) = The value of & can be obtained by setting :jey =0

(57
= tan 26 = 2

T

Xy

[8]

[ Fig. (6) ]

There are 2 possible values for 6

-o,)/ 2
= sin 2«611:(0-x o)
R
COS 2051=— =
—(o,—0,)/2
sin 26, = (0.~0,) cos 260, =~
R
o, —0 2 ,
= |7,=% Ty +7, =R [9]

' Maximum (Principal) Shear Stresses

o, +0,
c,=0,=—"—_—" [10]
2

M Normal Stresses on the Planes of Maximum (Principal) Shear Stresses

Note that 26, =204+ 7 = 61 L 6
Also note that tan 20, is the negative reciprocal of tan 20 : tan 2 §, = - 1/tan 26,
= 26=26,+ 42 = 6 = 6 +45° [11]

Thus, there is a 45°-angle between the planes of principal normal and maximum shear stresses.



Example 1:

Given:

The state of stress shown

Req’d: 6 ksi
a) The principal stresses & directions > X
3 ksi

b) o & 1 associated with an element oriented
10° cw of the element shown.

Show the results on properly oriented elements.

Use the equations for the solution.

Solution:

2
o, t0, c,—0, ,
O rax = > i\/( > +7,,
min

2
_=6+2, (_6_2) +(=3) =—245
2 2

a)

= Omnax =3 ksl ; Omin = -7 Ksi

27 2(-3)

tan 26, = ——— = ;=075 = 20,,=3687°, 20,,=21687" (-14313)

6,-0, —6-

<

Principal normal
stresses

7 ksi
18.43, X

\3 ksi

= 0,,=1843° ; 6, =108.43" (-71.57°)

To see Op1 corresponds to Gmax OF Gmin, SUbstitute 0 in Eq. [1] by 6, = 18.4349°

-6+2 —6-2
X = +
2
= 0Op is the direction of omin as shown.

= o €0s36.87° —3 sin 36.57° =— 7 ksi

T =+R :TmaX:5kSi ; Tmin:'5 kSI

max

min

tan 20, =-1/0.75 = |0y = -26.57° ; 0, = 63.43°

Maximum shear
stresses

"C('2657) = '5 kSi = Tmin <> 951

b) From.Egs. [1]to[4], | oy (-10°) =-4.73 ksi| ;

Sy (-10°) = 0.73 Ksi

Note that 3'o;=- 4 (always)

Ty (-10°) = Ty (-10°) = -4.19 ksi ()

Part (b)

4.19 ksi




Mohr’s Circle:

The general equation of the circle is
(x-a) + (y-b)* =R [12]
By rearranging equation [1] and squaring both sides of equations [1] & [2], and then adding, the

following equation is obtained:

2 2

[13]

By comparing eq. [13] with eq. [12], it can be seen that
X = oy
a=(ox+ 06y)2 = OCaverage
Y=y

b=0

Thus, by constructing a circle with the properties above, and by referring to Fig. (5), the values of
ox, oy, and T,y With any 6 can be found; this includes the principal stresses and their directions.
This circle is called Mohr’s Circle because Mohr brought the idea of such a circle. It has several

applications, other than stresses.



7
Steps for constructing Mohr’s circle and determining the principal stresses & directions and o

& 1 with any 0:

(1) Draw the o-7 axes in the x-y (i.e., horizontal-vertical) directions with “appropriate” scale. Note
the direction of +z (down).

(2) Put the points X (ox, %y) and y (ay , -7y) on the figure.

(3) Connect the two points x and y by a straight line. The point of intersection of the line xy and the
o-axis is the center of the circle C, and cx & cy are two radii of such a circle.

(4) Construct the circle with C as its center and Cx (or Cy) the radius.

(5) The points of intersection of the circle and the o-axis are the principal normal stresses; the one
to the right is the maximum, and the one to the left is the minimum.

(6) The radius of the circle is zmax, and zmin = - R.

(7) The angle measured from the X-axis t0 gmax gives 261 or p2) (i-€., double the angle), and the angle
measured from X t0 gmin iS 262 (or p1)-

(8) The angle measured from X t0 zmax IS 2641 (or s2) and the angle_from X t0 zmin IS 265 (or s1).

(9) The similar triangles show in Fig. (7) are used to calculate the required values (stresses and their
directions).

(10) To calculate the stresses on planes oriented 8° from the x-axis on the real plane, go 26 from the
X-axis on the imaginary plane (Mohr’s circle), and then draw a straight line passing through C.
Use the triangles shown in Fig. (7) to determine the stress values.

Remember:

* Start from x, Double the angle

* Some books use +zas up (not down as done here). If it is so, then all angles will be in the opposite
directions. You can go in the same direction (not the opposite) if one of the following is done:

4—
(1) Reverse the “sign convention” for shear. —> T + l

—

(2) Plot x(ox, -%y) , Y (6y, y).

(3) Plot + 7 axis down (as done here).



Tmin

Fig. 7

<

R xX'(0yy Txy)
y(oy, -7y) R (0, %
. O max
O min B
X(0x, Txy)
’(Gy’v '%c’y) *

Tmax




Example 2:

Rework Example 1 using Mohr’s circle.
Solution:

a) The steps given above will be followed.

Tmin

XJ(O'XJ, Wy’

X(-6 , -3)

202

Tmax

(2, 3)

V(0 -t y)




oc_OE+OD _2-6 _ ,
2 2 y
Principal normal
Using the triangle CxD or CyE, R and 26, can be calculated. = stresses
xD xD
tan 260, = = | XD 2 ksi
CD |OD|-|OC | s
_ 3 __ors
6-2 3 ksi

= 20, =36.87° =

= 0, =18.43° ccw (V) measured from the x-axis to the axis of Gmin

10

* Remember: Double the angle measured from x
= 20y = 180° - 20p1
= 0, =71.57°CW measured from X t0 Gmax

R = Cx = Cy = |xD| /sin 20p; = 3/sin 36.87°=5

omax =0OB=CB-|OC|=R-|0OC|=5-2 = Omax=3Ksi I\:Iaximum shear
- stresses

omin = - [OA| =- (|OC| +|CA|) =-(|OC|+R)=-(2+5) = oOmin=-7Ksi
l
Take care of the signs by inspection.

Tmax =+ R = Tmax = 5 kSl , Tmin = - 5 kSi

min

2051 = 90° - 20, =90 - 36.87° = 04 =26.57° cw () measured from X t0 Tmin

205, = 90° + 20,1 = 90 + 36.87° = 05 = 63.43° ccw (7) measured from X t0 Tyax

b) ox (-10°) = OF = - (|OC| + |CF|) = - [|OC| + R cos (20p; + 20°)] =- [2 + 5 cos (56.87°)] =
oy (-10) = -4.73 Kksi

6y (-10%) = OG = R c0s (20,1 + 20°) - |OC| = 5 cos (56.87) - 2 =
oy (-10°) = 0.73 ksi

Part (b)

vy =+ Rsin (56.87°) = 1y (-10%) =+ 4.19 ksi




Example 3:

Given:
~ The beam shown
w
A
A e
Centroidol Qxis ¢ F
—2» B —_— —_— _ _ —— R ‘———n
" t D¢ 0;:03 ] P
I
' : .
» widdle E G
Req’d.:

Qualitatively, sketch the state of stress and Mohr’s circle for each of the points A to G.

Solution:

Note that oy is always assumed zero (ignored) in beams.

A

Q

c— B

—q

W@ B isign

ored

X(GB ’O)

C

y(0,0) o




’ﬁ' 1:xy)
— L

e — M/ /
X(oc, Tyy %
(O’ 'Txy)

— anw
D k/
X(0, Tyy)
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y(O ,O) C X(GE ’O) >
GE4— E ‘—’GE
T
X(oe ,0)/:\0 y(0,0) o)
GF_> F <_GF v
%
G=F wny




Example 4:

Given:

The beam shown

o— 6"—)|_+_

1

~x-Seetion

Req’d.:

-3'...: g".-.._..
_..,_...,_.__‘__.__.__I .zl3¢§ _-'n",, .

. A=2q mu, S

60 in-k

12 k

*9' )
le—yo" —sp— 4o" —f

RA z0.75 ¢

. _RD._: 56.25k

0.75

.25

L 30

L Dmb

Cin-k)

The principal normal and shear stresses and their directions at the point(s) of maximum stresses.

Sol’n.:

.
Mma = 450 in-k ¥ @ D

This M will give omax (both T & C)

Vmax =45k @ D also

c=0pyt0oy =% — A i Ty
oy = 28, B00) _ 5,992
24 136

=7.926 ksi (T)

14




48 450(5) 1
Gbottomz_ﬂ — W = —2—1654

=1854ksi (C)

Con = ‘2—‘28 +0=2ksi (C)

Ttop — Thottom — 0
— _ VQ _ :
TC.A. = Tmax = W = 45 (5x2x2.5)/136(2) = 4.136 Ksi

o’s above are all o .

oy =0 at all points (always the case in beam theory)

We need to calculate the principal stresses at 3 points (top, bottom, and N.A. of section D).
= Choose the maximum normal (T & C) and shear stresses.

1) Top of D : (Mohr’s circle is used for the max/min stress values below, not shown)

oy = 7.926 ksi , oy=0 , Txy = 0
= Omax = 7.926 kSI y Omin = 0 y Tmax = 3.963 kSi y Tmin = '3.963 kSI
2) BOttom Of D GX = '1854 kSl y Gy = O y Txy = 0

= Gmax = 0 y Gmin = '18.54 kSi y TmaX = 9.27 kSi y Tmin = '9.27 kSI

3) Centroidal Axis: ox=-2ksi , oy=0 |, Tyy = 4.136 Ksi

= Omax = 3.2 kSI y  Omin = '5.2 kSi y Tmax = 4.2 kSi sy Tmin = '4.2 kSI :

O';ax =7.926 ksi @ D (Top)
O-riax = 18.54 ksi @ D (Bottom)
Tnax = 9.27KSI @ D (Bottom)

* Important note: When gz, is zero at a point, then ox and o; are themselves
principal stresses at that particular point (as seen above).




