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Abstract� We consider horizontally �weakly� conformal maps � between Rie�
mannian manifolds and calculate a formula for the Laplacian of the dilation of ��
using the language of moving frames� Applying this formula to harmonic horizon�
tally �weakly� conformal maps or equivalently to harmonic morphisms we obtain
a Weitzenb�ock formula similar to ���	� and hence vanishing results for harmonic
morphisms from compact manifolds of positive curvature� Further� a method is
developed to obtain restrictions on harmonic morphisms from some non�compact
and non�positively curved domains� Finally� a discussion of restrictions on harmonic
morphisms between simply connected space forms is given�

�� Introduction

The maps under consideration are harmonic morphisms between Riemannian man�

ifolds� i�e� the maps which preserve germs of harmonic functions� Such maps are

characterized as a subclass of harmonic maps �see below�� In ����� the author pre�

sented a Bochner technique for harmonic morphisms by extending the Bochner type

formula for harmonic maps �	� and gave its consequences for harmonic morphisms

from compact domain manifolds�

This note has a twofold purpose� First is to represent the Bochner type technique

for harmonic morphisms in the language of frames� Secondly� to improve the results of

���� by obtaining applications� of the Bochner type formula� for harmonic morphisms

from a larger class of domain manifolds� Thus along with non�existence results of

����� we get restrictions on harmonic morphisms from compact as well as non�compact

manifolds� This allows us to get a clearer picture of the theory of harmonic morphisms

between simply�connected space forms� For example� we show in the 
nal section

�� There exist no non�constant harmonic morphisms � � Rm�H n �

�� Let � � Em�En be a harmonic morphism with the dilation �� If �Em � En� 

�Hm �Hn � then �� � ��m � ����n � ���� On the other hand if � is submersive

and �Em � En�  �Sm�Sn� then �� � ��m� ����n � ����

After giving the necessary framework in Sections �� � we compute the Laplacian

in Section �� Section � consists of the results on restrictions on harmonic morphisms

�
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between general Riemannian manifolds while the restrictions on harmonic morphisms

between simply�connected space forms are discussed in Section 	�

�� Notation and preliminaries

In this section� after 
xing the notation we explain some fundamental relations

which will be used repeatedly in the subsequent sections�

Let � � �Mm� g���Nn� h� be a smooth mapping from an m�dimensional Riemann�

ian manifold with the metric g to an n�dimensional Riemannian manifold with the

metric h and denote the pull back bundle on M by E  ���TN � Throughout this

article we assume the following conventions� unless otherwise stated�

The indices range as� � � a� b� c � m� � � i� j� k � n� n� � � �� �� ��

The operators on the bundles TM � TN � E will be denoted respectively by the su�

perscripts M � N � �� e�g� the respective connections will be denoted as rM � rN �

r��

With the above setting� the following relations are well known�

������ Let fXagma��� fYig
n
i�� be local orthonormal framings on M � N respectively and

feigni�� be the induced framing on E de
ned by ei  Yi � � then there exist smooth

local coframings f	agma��� f
ig
n
i�� and f�

�
igni�� on TM � TN and E respectively such

that �locally�

g 

mX
a��

	�a and h 

nX
i��


�i �

The corresponding 
rst structure equations are�

d	a 
mX
b��

	b � 	ba 	ab  �	ba

d
i 
nX
j��


j � 
ji 
ij  �
ji

d���
i� 
nX
j��

��
j � ��
ji ��
ij  ���
ji

where the unique ��forms 	ab� 
ij� ��
ij are the respective connection forms� The

second structure equations are as follows�

d	ab 
mX
c��

	ac � 	cb � �M
ab � d
ij 

nX
k��


ik � 
kj � �N
ij �

d���
ij� 
nX

k��

��
ik � ��
kj � ���N
ij
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where the curvature ��forms are given by

�M
ab  �

�

�

mX
c�d��

RM
abcd	c � 	d and �N

ij  �
�

�

nX
k�l��

RN
ijkl
k � 
l�

������ The pull back map �� and the push forward map �� can be written as

��
i 

mX
a��

fia	a for unique functions fia on U �M�

�� 
nX
i��

ei � ��
i 
nX
i��

mX
a��

fiaei � 	a�

Note that �� is a section of the vector bundle ���TN � T �M �

������ The covariant di�erential operators are represented as

rMXa 
mX
b��

	ab �Xb� rNYi 
nX
j��


ij � Yj

and r�	a  �
mX
c��

	ca � 	c� where r� is connection on T �M�

Furthermore� the induced connection r� on E is

r�ei 
nX

j�k��

mX
a��

�
ij�Yk� � �� ej � fka	a�

This can be checked by using x ����� and above in the de
nition of the pull back

connection i�e� r�ei�X�  r�
Xei  �rN

��XYi� � � for X � C�TM��

������ The components of the Ricci tensor and scalar curvature are de
ned respec�

tively by

RM
ab 

mX
c��

RM
acbc and ScalM 

mX
a��

RM
aa

������ Given a function f �M � R� there exist unique functions fcb  fbc such that

dfc �
mX
b��

fb	cb 
mX
b��

fcb	b�����

where fc  df�Xc� for a local orthonormal frame fXcgmc���

Proof� Taking the exterior derivative of df 
Pm

c��
fc	c and using structure equations�

we have

� 
mX
c��

�
dfc � 	c �

mX
b��

fbc	b � 	bc

�


mX
c��

�
�dfc �

mX
b��

fb	cb� � 	c

�
�
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Hence by Cartan�s lemma� cf� ����� there exist unique functions fcb  fbc such that

dfc �
mX
b��

fb	cb 
mX
b��

fcb	b�

Lemma ���� The Laplacian of a function f �M � R satis�es

��f 
mX
c��

rdf�Xc�Xc� 
mX
c��

fcc

where the functions fcc are de�ned by Equation ����

Proof� First notice that

rdf�Xd�Xc�  �rXd
df�Xc  Xd�df�Xc��� df�rM

Xd
Xc�



�
dfc �

mX
b��

fb	cb

�
�Xd� 

mX
b��

fcb	b�Xd��

Hence rdf�Xc�Xc�  fcc�

�� Second fundamental form� harmonic maps and harmonic morphisms

Let � � M�N be a smooth map� As seen above� �� is a section of ���TN � T �M �

If �r denotes the connection on the bundle ���TN � T �M then the quadratic form
�r�� is called the second fundamental form of ��

Lemma ���� Keeping the notation of x ������ there exist unique symmetric functions

fiab  fiba on U �M such that �locally� the second fundamental form of a map � is

given by

�r�� 

nX
i��

mX
a�b��

fiabei � 	b � 	a

where the components fiab satisfy
mX
b��

fiab	b  dfia �

nX
j��

fja�
�
ji �

mX
b��

fib	ba������

Proof� Di�erentiating

�� 
nX
i��

mX
a��

fiaei � 	a

we have

�r�� 
nX
i��

mX
a��

�
r�ei � fia	a � ei � dfia � 	a � fiaei �r�M	a

�


X
i�a

�
fia

nX
j�k��

mX
b��

f�
ij�Yk� � �� ej � fkb�b
g � 	a � ei � dfia � 	a � fiaei �

mX
b��

�	ab � 	b�

�
�
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Noticing that
nX

i�j�k��

mX
a�b��

fiafkb �
ij�yk� � �� ej 
nX

i�j�k��

mX
a�b��

fjafkb �
ji�yk� � �� ei

and using

��
ji 
mX
b��

��
ji�Xb�	b 
mX
b��

nX
k��

fkb �
ji�Yk� � ��	b

we get the required relation� The uniqueness and symmetry in a� b of the functions

fiab follows by applying Cartan�s lemma� cf� ��	� page����

De�nition ���� A smooth map � � M�N is called totally geodesic if its second fun�

damental form vanishes i�e� if fiab  ��

The tension �eld � ��� of a smooth map �� as de
ned by Eells�Sampson in �	�� is the

vector 
eld given by trace �r���

De�nition ���� �	� A smooth map � � M�N is said to be harmonic if and only if

it extremizes the associated energy integral E���  �

�

R
�
k��k��M for every compact

domain � �M �

It is well�known� cf� �	� �� ��� that a map � is harmonic if and only if its tension


eld is zero� i�e� if and only if
P

a
fiaa  ��

The notions of horizontally conformal maps and harmonic morphisms were formally

introduced independently by B� Fuglede ��� and T� Ishihara ����� In a sense� the former

can be thought as a generalization of the concept of Riemannian submersions and the

latter can be thought as a special class of harmonic maps� Here we present the basic

de
nitions� and refer to ��� �� ��� for the fundamental results and properties� An

account of the theory of harmonic morphisms in the language of moving frames is

given in ���� An updated list of harmonic morphisms bibliography can be found on

the INTERNET by linking to �����

For a smooth map � � Mm�Nn� let C�  fx � M j rank��x  ng and let M�

denote the set M n C��

De�nition ���� Let � � �Mm� g���Nn� h� be a smooth map� Choose U �M � V � N

with U � ����V � and set ���
i� 
P

a
fia	a� �notation as in x ��� Then � is called

horizontally �weakly� conformal if there exists a function � � � on U such that � � �

on U 	M� with

fiafja  ���ij � � a � m� � � i� j � n

and �  � on U 	 C��
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The function � is termed as the dilation of the horizontally �weakly� conformal

map� This de
nition is based on ��� x��� see ��� for an alternative description�

Remark ����

�� The dilation � satis
es n��  k��k��

�� � � M��Nn is submersive� i�e� �� has rank n everywhere on M��

�� Given a horizontally �weakly� conformal map � � �Mm� g���Nn� h� with dilation

�� For each x �M�� we can choose an orthonormal coframing f	agma�� such that

�locally�

g 

nX
i��

	�i �

mX
��n��

	��

where f	igni�� is a local orthonormal coframing of the subbundle �Ker���� which

satis
es �	i  ��
i and f	�g
m
��n�� is a local orthonormal coframing of Ker���

We call the subbundles �Ker���� and Ker�� as the horizontal and vertical sub�

bundles� Such a coframing is named� by R� L� Bryant ���� as ��adapted�

Hence� we see that for a horizontally �weakly� conformal map the functions

fia de
ned by ��
i 
P

a
fia	a satisfy fia  ��ia with respect to a ��adapted

coframing� This observation will be important in the next section�

Harmonic morphisms are maps which preserve the Laplace�s equation in the fol�

lowing sense�

De�nition ��	� A smooth map � � Mm�Nn is called a harmonic morphism if� for

every real�valued function f which is harmonic on an open subset V of N with ����V �

non�empty� f � � is a real�valued harmonic function on ����V � �M �

These are related to harmonic maps and horizontally �weakly� conformal maps via

the following characterization� obtained in ��� ����

A smooth map is a harmonic morphism if and only if it is harmonic and horizontally

�weakly� conformal�

In terms of local coframings� it can be stated as� see ����

A smooth map � is harmonic morphism if and only if locally it satis�es

fiaa  � and fiafja  ���ij for some function �� � ������

where � denotes the dilation of � and fiaa� fia� fja are as in x ��

Although the above characterization says that harmonic morphisms may be viewed

as a subclass of harmonic maps� it is important to notice that in certain cases harmonic

morphisms have properties which are exactly dual to the properties of harmonic maps�

see explanation by J� C� Wood in �����
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�� Laplacian of ��

Firstly it is reminded that the notation of previous sections will be followed through�

out this section�

Consider a horizontally �weakly� conformal map � with dilation �� We wish to

calculate ����� for which we need the following lemma�

Lemma ���� Let � � �Mm� g���Nn� h� be a horizontally �weakly� conformal map with

dilation �� Then

��

nd��  �

nX
i��

mX
a�b��

fiafiab	b

In particular� if � is totally geodesic then � is constant� a well�known result cf� ���

x�����

�� The di	erential of the functions fiab satis�es

mX
b��

�
dfiab �

mX
c��

fiac	cb �
mX
c��

ficb	ca �
nX
j��

fjab�
�
ji

�
� 	b 

mX
b��

fib�
M
ba �

nX
j��

fja�
��N

ji �

�����

If the ��form on the left hand side of above equation is written as

dfiab �
mX
c��

fiac	cb �
mX
c��

ficb	ca �
nX
j��

fjab�
�
ji 

mX
c��

fiabc	c�����

then the functions fiabc satisfy the following curvature identity�

fiabc � fiacb  �

mX
d��

fidR
M
dabc �

nX
j�k�l��

fjafkcflbR
N
jikl�����

Proof�

�� Di�erentiating

n��  k��k
� 

nX
i��

mX
a��

�fia�
� �see x����

we have

nd�� 
nX
i��

mX
a��

�fiadfia�

Using the expression for dfia from Lemma ���� we have

nd��  �

nX
i��

mX
a��

�
mX
b��

fiafiab	b �

nX
j��

fiafja�
�
ji �

mX
b��

fiafib	ba

�
�
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The last two terms vanish due to skew symmetry of 	ba and ��
ji� and we get

the 
rst part� The 
nal statement follows from the fact that the functions fiab

are components of the second fundamental form of ��

�� Di�erentiation of Equation ��� implies
mX
b��

�dfiab � 	b � fiabd	b�  ��

nX
j��

�dfja � ��
ji � fjad�
�
ji��

mX
b��

�dfib � 	ba � fibd	ba� �

The following relations can be established easily� by using structure equations

and Equation ����
mX

b�c��

fiac	cb � 	b 
mX
c��

fiacd	c�

mX
b�c��

ficb	ca � 	b  �
mX
c��

�
dfic �

mX
j��

fjc�
�
ji �

mX
b��

fib	bc

�
� 	ca�

mX
b��

nX
j��

fjab�
�
ji � 	b  �

nX
j��

�
dfja �

mX
k��

fka�
�
kj �

mX
b��

fjb	ba

�
� ��
ji�

Now Equation ��� follows from using these relations and second structure equa�

tions in the above equation and from the observation
mX

b�c��

fic	cb � 	ba 
mX

b�c��

fib	bc � 	ca�

nX
j�k��

fka�
�
kj � ��
ji 

nX
j�k��

fja�
�
jk � ��
ki

To prove Equation ��� we use Equations ���� ��� to have
mX

b�c��

��fiabc � fiacb�	c � 	b� 

mX
b��

fib�
M
ba �

mX
c��

fic�
M
ca � �

nX
j��

fja�
��N

ji

The result now follows directly from the de
nitions of the pull back map and

curvature forms�

With the above Lemma on hand� we proceed to compute the Laplacian�

Proposition ���� Let � � �Mm� g���Nn� h� be a horizontally �weakly� conformal map

with dilation �� Then at x �M �

�
n

�
��� 

nX
i��

mX
a�c��

�
�fiac�

� � fiaficca
�
� ��

nX
a��

RM
aa � ��ScalN�

Proof� Recall from Lemma ��� that ��� satis
es

�
n

�
��� 

n

�

mX
c��

��cc�����
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where the functions ��cb are determined by

d���c��
mX
b��

��b	cb 
mX
b��

��cb	b������

But from Lemma ���� the functions ��b are

��b 
�

n

nX
i��

mX
a��

fiafiab����	�

Hence

d���c� 
�

n

nX
i��

mX
a��

�dfiafiac � fiadfiac� �

Using Equations ������� for dfia� dfiac respectively� we can write

d���c� 
�

n

nX
i��

mX
a�b��

�ffiacfiab � fiafiacbg	b � fiafiab	bc� �

Substituting Equation ��	 and the above equation in Equation ��� determines func�

tions ��cb as

��cb 
�

n

nX
i��

mX
a��

�fiacfiab � fiafiacb� �

Hence from Equation ���

�
n

�
��� 

nX
i��

mX
a�c��

�
�fiac�

� � fiafiacc
�
�

Since the functions fiabc satisfy fiabc  fibac we have

fiacc  ficac  ficca �
mX
d��

fidR
M
dcac �

nX
j�k�l��

fjcfkcflaR
N
jikl�

where we have used Equation ��� for the second equality� Thus we have the 
nal

expression for the Laplacian as

�
n

�
��� 

nX
i��

mX
a��

�
mX
c��

�
�fiac�

� � fiaficca �
nX

j�k��l��

fiafjcfkcflaR
N
jikl

�
�

mX
d��

fiafidR
M
da

�
�

But we know from Remark ��� that �locally� we can choose a ��adapted framing for

a horizontally �weakly� conformal map such that fia  ��ia� The required expression

follows by writing ���� for a ��adapted framing�

From Lemma ���� we notice that
P

c�aficca	a  � if � is harmonic� Hence the charac�

terization of harmonic morphisms as harmonic horizontally �weakly� conformal maps

leads to the following Weitzenb�ock formula for harmonic morphisms�
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Corollary ���� Let � � �Mm� g���Nn� h� be a harmonic morphism between Riemann�

ian manifolds� Then the dilation � of � satis�es

�
n

�
��� 

nX
i��

mX
a�c��

�fiac�
� � ��ScalMj

H
� ��ScalN������

where

ScalMj
H


nX
a��

RM
aa

This Weitzenb�ock formula was also obtained in ���� but by a di�erent method�

�� Restrictions on maps from non�positively curved manifolds

A standard Bochner type argument applied to the Weitzenb�ock formula in Corol�

lary ��� led to the following restrictions on harmonic morphisms from positively curved

compact manifolds� as shown in �����

Proposition ���� ���� Let � � M�N be a harmonic morphism between compact Rie�

mannian manifolds with dilation ��

�� � is totally geodesic if ScalMj
H
� � and ScalN � �� If at some point� either

ScalMj
H
� � or ScalN  � then � is constant�

�� Suppose that � is submersive and ScalMj
H
� A� �  ScalN � B for A�B � ��

If �� is bounded by

�� �
A

B
�
ScalMj

H

ScalN

then � is totally geodesic�

We refer the reader to ���� x�� for a number of examples which satisfy the above

hypothesis�

The standard Bochner type argument� though very powerful� is not quite useful in

analysing maps from non�positively curved manifolds� To overcome this constraint

we develop a scheme based on the following�

Lemma ���� Let � � �Mm� g���Nn� h� be a non�constant harmonic morphism with

dilation �� If

�i� �� attains its maximum at x �M �

�ii� RicciMx � �A �A � ���

�iii� ScalNx � �B �B � ��

then

�� � n
A

B
�

In paricular� if B � nA then � canont be a Riemannian submersion�
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Proof� At the point x we have ���� � �� therefore Corollary ��� implies that

��ScalMj
H
� ��ScalN � �

nX
i��

mX
a�c��

�fiac�
� � ��

Combining this inequality with the hypothesis completes the proof�

Similarly we can show�

Proposition ���� Let � � Mm�Nn be a non�constant harmonic morphism such that

M is Ricci�
at and ScalN � �B� �B � ��� Then �� does not attain its maximum in

M �

For a compact domain we obtain

Theorem ���� Let M be a Ricci 
at compact Riemannian manifold and N a Rie�

mannian manifold of constant non�positive scalar curvature� Then a non�constant

harmonic morphism � � M�N can exist only if N has locally zero scalar curvature�

Proof� By compactness of M � there exists a point x � M such that ���� � �� The

proof then follows by an argument similar to the proof of Lemma ����

A key step in obtaining further applications of Lemma ��� is to ensure that Condi�

tion �i� of the hypothesis is satis
ed� For suitable spaces� for instance Hm �Rm� this

can be avoided by adapting a technique of ��� x�� to our situation� The main idea

is to exhaust �Mm� g�  Hm �Rm by concentric balls B � and then consider a suitable

conformally deformed metric �g  ��g on B � � such that the restrictions on �� can be

obtained from the restrictions on the associated function ��
�
 ���g� The restrictions

on ��
�
are achieved by investigating the Laplacian of ��

�
with respect to �g and by

showing that ��
�
attains its maximum in B�� Precisely we have

Proposition ��� �Hyperbolic case�� Let � � �Bm � g���Nn� h� be a non�constant har�

monic morphism from a unit open ball such that g  ���A�� � r���
P

a dx
�
a� with

r� 
P

a
x�a� is a metric of constant negative sectional curvature �A �A � ��� Sup�

pose that ScalN � �B �A � ��� Then the dilation � of � is restricted as

�� � n�m� ��
A

B
�

Proof� Consider an open ball B � � Bm of radius �  �� with the conformally deformed

metric

�g 
���

A��� � r���

mX
a��

dx�a 

�
��� � r��

�� � r�

	�

g  ��g

of constant negative sectional curvature �A�
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First notice that � � �B �� �g���Nn� h� is not a harmonic morphism� since � is not a

constant function� However on B � � we can associate a function �� with the dilation �

as

��
�

k��k��g
n

 ����� 
��� � r���

����� r���
��������

Clearly� the associated function ��
�
attains its maximum on the compact set B �� but

vanishes on the boundary� Hence ��
�
attains its maximum at x � B � �

A notational comment� The symbols� �used in previous sections�� covered with a tilde

shall be considered with respect to the metric �g� e�g� �	a  �	a denote the connection

forms with respect to �g�

If the functions �fia are de
ned by ��
i 
P

a
�fia�	a then �fia  ������ia with respect

to a ��adapted coframing� Then as in Proposition ���� for a ��adapted coframing�

the Laplacian � ����
�
can be computed as

�
n

�
����

�


nX
i��

mX
a�c��

h
�gfiac�� � �fiagficcai� ��

��
�ScalMj

H
�
��

��
ScalN�

From ��� Theorem ���� we see that if � is a harmonic map with respect to g thenP
i�a�c

�fiagficca � �� Hence� we can apply the method used in the proof of Lemma ���

�above� to have

��

��
�ScalMj

H
�

��

��
ScalN � �

or ��
� �ScalMj

H
� ��

�
ScalN � ��

Now it is straight forward to show from this inequality that for all x � B �

��
�
� n�m� ��

A

B
������

As Equation ��� is true for every open ball B � of radius � and from Equation ���

lim
���

��
�
 �� we have �� � n�m� ��A

B
�

Say that the scalar curvature of a manifold N is negative and bounded away from

zero if there exists some � � � such that ScalN � ��� Then for harmonic morphisms

from the Euclidean space we have

Theorem ��	 �Euclidean case�� Consider Rm with the standard metric g of zero

curvature� Then there exist no non�constant harmonic morphisms � � �Rm� g���Nn� h�

such that N has negative scalar curvature bounded away from zero�

Proof� Suppose there exists a non�constant harmonic morphism � with dilation �� As

before� consider an open ball B � � Rm of radius �� with the conformally deformed
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metric �g  ������� � r���
�
g  ��g of negative sectional curvature ������ The

associated function �� is given by

��
�

k��k

�
�g

n
 ����� 

�
�� � r�

��

	�
��������

Then following a treatment similar to the above Proposition� along with an argument

used in the proof of ��� Theorem ����� i�e� harmonicity of � implies
P

i�a�c
�fiagficca � ��

we have

��
�

�
n�m� ���

���

 x � B � ������

Since Equation ��� holds for every B � of radius � and from Equation ��� lim
���

��
�
 ��

we have ��  �� i�e� � is constant� a contradiction�

It is known that every compact Riemannian manifold Nn �n � �� admits a metric of

constant negative scalar curvarure� see �����

Corollary ��
� Let Rm be the Euclidean space with standard metric and Nn �n � ��

be a compact Riemannian manifold� Then there exists a metric h on N such that

there are no non�constant harmonic morphisms � � Rm�N with respect to h�

Remark ���� Theorem ��	 combinedwith ���� Proposition ���� gives the non�existence

of non�constant harmonic morphisms from a non�simply�connected �at space form to

a Riemannian manifold of negative scalar curvature bounded away from zero�

	� Restrictions on harmonic morphisms between simply connected

space forms

The characterization of harmonic morphisms implies that harmonic morphisms are

solutions of an overdetermined system of partial di�erential equations� This makes

the classi
cation study of harmonic morphisms di�cult� even in simpler cases� In case

of space forms� a complete classi
cation of harmonic morphisms from ��dimensional

simply connected space forms to ��dimensional simply connected space forms has

been found by Baird�Wood in ���� For particular cases� some classi
cation results are

known in ��� �� ��� ��� ��� ����

Here we present a table which can be utilized in eliminating the possible area

of classi
cation of global harmonic morphisms between higher dimensional simply

connected space forms�

Theorem 	��� Let Em denote an m�dimensional simply connected space form with

standard metric of constant sectional curvature �� � or ��� Then we have the follow�

ing restrictions on global harmonic morphisms � � Em�En �m � n � �� with dilation
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��

Em En Type Restrictions

Rn Any �� is a subharmonic function�
����� � cannot have totally geodesic �bres and integrable

Rm Sn Any
horizontal distribution�

H n Any � is constant�
Rn Any ���� � is constant�

Sm Sn Submersive If � is non�constant� then �� � �m� ����n� ���
H n Any ���� � is constant�
Rn Any If � � �� then � cannot be totally geodesic�

����� � cannot have totally geodesic �bres and integrable
Hm Sn Any

horizontal distribution�
H n Any �� � �m� ����n � ���

Proof� The cases �Em � En� � f�Rm�Rn�� �Hm �Rn�g follow from Corollary ���� The

cases �Em � En�  �Rm�H n� or �Hm �H n� are due to Theorem ��	� Proposition ���� For

�Em � En�  �Sm�Sn� we see that if �� � �m�����n��� then from Proposition ������ �

is totally geodesic and hence must have constant dilation� totally geodesic 
bres and

integrable horizontal distribution� a contradiction from the classi
cation of harmonic

morphisms between spheres having constant dilation and totally geodesic 
bres�
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