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Notes: 

- Duration = 3 hours. 

- Each problem is worth 10 points. 

 
 

 
(1) In the following, determine whether the linear operator 𝑇 is diagonalizable. 

If affirmative, find a basis with respect to which 𝑇 has a diagonal matrix.  
 

(a) [3 points] 𝑇(𝑥, 𝑦) = (−𝑦, 𝑥), ∀ (𝑥, 𝑦) ∈  ℂ2. 
 

(b) [3 points] 𝑇(𝑥, 𝑦) = (𝑦, 0), ∀ (𝑥, 𝑦) ∈  ℂ2. 
 

(c) [4 points] 𝑇(𝑥, 𝑦, 𝑧) = (2𝑥 + 𝑦, 5𝑦 + 3𝑧, 8𝑧), ∀ (𝑥, 𝑦, 𝑧) ∈  ℝ3. 

 

 

 
(2) Let 𝑉 denote the space of polynomial functions over ℝ and let 𝐸𝑛𝑑(𝑉) denote 

the space of linear operators on 𝑉.  
 

(a) [2 points] Give explicit examples of 𝑇1 and 𝑇2 ∈ 𝐸𝑛𝑑(𝑉) with 𝑇1𝑇2 ≠ 𝑇2𝑇1. 
 

(b) [2 points] Give an example of 𝑇 ∈ 𝐸𝑛𝑑(𝑉) which is non-singular and non-

invertible. 
 

(c) [6 points] Let 𝑝  𝑉 with degree (𝑝) = 2 and let 𝑇 ∈ 𝐸𝑛𝑑(𝑉) defined by 

𝑇𝑓 = (𝑝𝑓)′′. Prove that 𝑇 is an isomorphism. [For the proof of the surjection, the 

use of linear algebra is compulsory] 
 
 

 
(3) Let 𝑉 be a finite-dimensional vector space and let 𝑇 ∈ 𝐸𝑛𝑑(𝑉). Consider the 

following assertions: 

(i) 𝑟𝑎𝑛𝑘(𝑇2) = 𝑟𝑎𝑛𝑘(𝑇); 
(ii) 𝑟𝑎𝑛𝑔𝑒(𝑇) ∩ 𝑛𝑢𝑙𝑙𝑠𝑝𝑎𝑐𝑒(𝑇) = 0; 

(iii) 𝑛𝑢𝑙𝑙𝑠𝑝𝑎𝑐𝑒(𝑇2) ⊆ 𝑛𝑢𝑙𝑙𝑠𝑝𝑎𝑐𝑒(𝑇). 
 

(a) [6 points] Prove (𝑖) ⟹ (𝑖𝑖).  
 

(b) [2 points] Prove (𝑖𝑖) ⟹ (𝑖𝑖𝑖). 
 

(c) [2 points] Prove (𝑖𝑖𝑖) ⟹ (𝑖). 



(4) Let 𝑇 be a linear operator on ℝ3.  
 

(a) [5 points] Prove that if 𝑇3 = 0 and 𝑇2 ≠ 0, then there is an ordered basis 𝑆 

for V such that [𝑇]𝑆 = (
0 0 0
1 0 0
0 1 0

) 

 

(b) [5 points] Prove that if 𝐴 and 𝐵 are two 3 × 3 matrices over ℝ such that 𝐴2 ≠
0 and 𝐵2 ≠ 0 with 𝐴3 = 𝐵3 = 0, then 𝐴 and 𝐵 are necessarily similar.  

 

 

(5) Let 𝑇 be the linear operator on ℝ4 which is represented in the standard 

ordered basis by the matrix 

𝐴 = (

0 0 0 0
𝑎 0 0 0
0 𝑏 0 0
0 0 𝑐 𝑑

). 

 

Under what conditions on 𝑎, 𝑏, 𝑐 and 𝑑 is 𝑇 diagonalizable? 

 

 

 
(6) Let 𝑓 and 𝑝 denote the characteristic and minimal polynomials, respectively, 

of a given matrix. Find 𝑓 and 𝑝 for the following matrices. 
 

(a) [2 points] 𝐴 = (
1 0 0
0 1 1
0 0 2

) over ℝ.  

 

(b) [2 points] 𝐴 = (
1 0 1
0 1 −1
0 1 0

) over ℝ.  

 

(c) [6 points] 𝐴 =

(

 
 

0 0 0 0 −3
1 0 0 0 6
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0 )

 
 

 over ℂ.  

 


