1
. Solve the IVP: " =
T+

Solution.
1 1 1

‘= ——dr+C;=———+C1, 80y = — dr + Cix + Cy = —In|x + 1| + Cix + Cs.
) f(x+1)2 1 T 1 1 ) fx+1 1 2 | | 1 2
y(0) =2 gives Cy =2 and ¢ (0) = 1 gives C} = 2.

IVP solution is y = —In |z + 1| + 22 + 2.

. : 2 2 dy 4
. Find a general solution of the DE: (3y* — y) 2°—= = (v — 1) y*.

dzx

3y% —
Solution. DE is 27 I ydy 2

—1
;—dx and so it is separable.
x

3 1 1
Integration gives the family of solutions oo = In|z|[+=+C (i.e. x—6zy =2y* (Cx+zIn|z| +1).
Yy 2y Z
. Find a general solution of the DE: (cosx)y’ + (sinz)y =1 (—7/2 <z < 7/2).

Solution. Standard form of DE is ¢/ + (tanx) y = secx.
Integrating factor is y = el tanzde — geoc g,
Hence ysecx = [ sec? zdx + C.

This gives the family of solutions y = cosz (tanz + C') i.e. y = sinx + C cos z.

1
. Verify that the following DE is exact; then solve it: (e¥ + y cosx) dz+ (xey +sinz + T 2) dy = 0.
Y

Solution. Let M = €Y + ycosx and N = xe¥ +sinx + T
Y

Then M, = e¥ + cosx = N,, hence the DE is exact.

This means there is a function F' (of = and y) such that F, = M and F, = N.

Hence F' = ze¥ + ysinz + g (y) .

From F, = N, we get ze¥ +sinz + ¢’ (y) = xe¥ + sinz +

1+9y%
So ¢' (y) = 1 i.e. g(y)=tan"ly.
1+ 9?2
DE has family of solutions: ze? + ysinz +tan™ty = C.
1 0 —1
. Use the adjoint matrix to find the inverse of A= |2 3 —1
01 1
4 -2 2
Solution. The cofactor matrix of Ais |[—1 1 -1
3 -1 3
4 -2 27" 4 -1 3
The adjoint of Ais |-1 1 —1| ,ie adjA=]-2 1 -1
3 -1 3 2 -1 3
1 1 4 -1 3
Determinant of A is 2. We have A~ = adjA, hence A=' =~ -2 1 -1
det A 219 1 3



6. Determine whether the vectors u = (3,2,5), v = (1,—1,3), w = (1,4,—1) are linearly dependent
or independent. If they are linearly dependent, write one of the vectors as a linear combination of
the other two vectors.

Solution.

3 1 1 1 2 -3 1 2 -3 1 2 -3 1 2 -3
9 —1 4| Tfelg g 4| R22hog 5 oqo| UM g 1 o Bt g 1 9
5 3 -1 5 3 —1| ™Mo -7 14 0 —7 14 00 0

The last matrix above is an echelon form of the matrix [u : v : w] and contains a zero row, so the
vectors u, v, w are linearly dependent.

Let xu + yv + zw = 0, then (using the echelon matrix obtained) y = 2z and © = —2y + 3z = —=z.
Putting z =1 we get x = —1, y = 2.

Hence —u +2v+w =0, i.e. w=u — 2v (or, if we want, u = 2v + w).

7. Express the vector v = (0, —2,7) as a linear combination of the vectors
up = (5,1,1), ug = (—1,1,4), uz = (3,5,2).

Solution. Let v = xu; + yus + zus. We have

5 13 0 1 1 5 —2 1 1 5 -2

1 1 5 —2| ™= 5 13 o =20 -6 —22 10

1 4 2 7 1 4 2 7] ™™o 3 -3 9

R L P L U SR I, 1 5 —2

%R0 3 11 -5 B0 3 11 -5 TEE® 0 3 11 =5
03 -3 9 00 —14 14 00 1 -1

We obtain 2 = —-1,3y —11=—-5soy=2,24+2—-5=—-2s0x = 1.

Hence v = uy + 2us — us.
8. For each of the following subsets of R*, determine whether or not it is a subspace of R*. (Justify
your answers.)

(a) W is the set of all vectors (w1, z2, T3, ¥4) such that 2% + 13 = xy.
Solution. Let u = v = (1,0,0,1). Then u,v € Wj but u+ v = (2,0,0,2) ¢ W;. So W; is not
a subspace of R*.

(b) Wy is the set of all vectors (1, xs, x3, x4) such that z1 + x4 = 3z — 223.
Solution. Wj is the solution set of the homogeneous system (in one equation):

Ty — 329 + 223 — x4 = 0.

Hence W, is a subspace of R%.



