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Q1. For the model 𝑌𝑡 = 0.5𝑌𝑡−1 + 0.4𝑌𝑡−2 + e𝑡, answer the following:   

a) Compute the general linear process coefficient ψ3. 

b) Write the characteristic polynomial for this model. 

c) What are the conditions for stationarity for this model? 

 Soln: a) For AR(2), 𝜓0 = 1, 𝜓1 = 𝜙1𝜓0 = 𝜙1,      
𝜓𝑗 − 𝜙1 𝜓𝑗−1 − 𝜙2 𝜓𝑗−2 = 0  𝑗 = 2,3, … 

𝜓2 − 𝜙1 𝜓1 − 𝜙2 𝜓0 = 0 →  𝜓2 = 𝜙1
2  + 𝜙2  

 𝜓3 − 𝜙1 𝜓2 − 𝜙2 𝜓1 = 0 

→ 𝜓3 = 𝜙1 (𝜙1
2  + 𝜙2) + 𝜙2 𝜙1

= .5(. 52 + .4) + .5(0.4) = 0.525. 
b) 𝜙(𝑥) = 1 − 𝜙1𝑥 − 𝜙2 𝑥

2 = 1 − 0.5𝑥 − 0.4𝑥2 

c) For AR(2), 𝜙1 + 𝜙2 < 1  0.5+0.4 =0.9 <1 √  

𝜙2 − 𝜙1 < 1  0.4-0.5 = -0.1 <1 √ 

|𝜙2| < 1 |0.4| <1 √ 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 
Q2. Consider the model 𝑌𝑡 = −0.5𝑒𝑡−1 + e𝑡 + 0.4𝑒𝑡−2 

a) Is the model invertible? Show why it is or why it is not? 

b) Compute the autocorrelation function for this model. 

Soln: 𝑌𝑡 = e𝑡 − 0.5𝑒𝑡−1 + 0.4𝑒𝑡−2 is MA(2) model 

a) Rewrite this MA(2) in AR notations if possible. 
b) 𝜌0 = 1,   

  

Step 1: e𝑡 = 𝑌𝑡 + 0.5𝑒𝑡−1 − 0.4𝑒𝑡−2 

Step 2: 𝑌𝑡 = e𝑡 − 0.5(𝑌𝑡−1 + 0.5𝑒𝑡−2 − 0.4𝑒𝑡−3) + 0.4𝑒𝑡−2  

 

𝑌𝑡 = −0.5𝑌𝑡−1 + e𝑡 − (0.52 − 0.4)𝑒𝑡−2 + (0.5)0.4𝑒𝑡−3  

Step 3: 𝑌𝑡 = −0.5𝑌𝑡−1 + e𝑡 − (0.52 − 0.4)𝑒𝑡−2 + (0.5)0.4𝑒𝑡−3  

𝑌𝑡 = −0.5𝑌𝑡−1 + e𝑡 − (0.52 − 0.4)(𝑌𝑡−2 + 0.5𝑒𝑡−3 − 0.4𝑒𝑡−4)
+ (0.5)0.4𝑒𝑡−3  

𝑌𝑡 = −0.5𝑌𝑡−1 − (0.52 − 0.4)𝑌𝑡−2 + e𝑡

− 0.5(0.52 − 0.4 − 0.4)𝑒𝑡−3 − 0.4(0.52 − 0.4)𝑒𝑡−4  

Step 4: Continuing iteratively, we can invert this MA(2) process by rewriting it 

into an AR(∞) process with decaying coefficients. 

 

 

𝜌1 =
𝛾1

𝛾0
=

−𝜃1 + 𝜃1𝜃2

1 + 𝜃1
2 + 𝜃1

2

=
−0.5 + 0.5(−0.4)

1 + 0.52 + 0.42

= −0.4964539 

𝜌2 =
𝛾2

𝛾0
=

−𝜃2

1 + 𝜃1
2 + 𝜃1

2

=
−0.4

1 + 0.52 + 0.42

= −0.283687943 

𝜌𝑘 = 0    𝑘 = 3,4, … .. 

 


