Final Exam for Math 571, 08 May 2018, Duration: 150 minutes

Note: In all questions, f(.,.) is smooth and is assumed to satisfy a Lipschitz condition in the
second variable. The approximate solution of y" := y(x,) is denoted by y,, where y(x) is the solution
of y(x) = f(x,y) on (0, 1) in the first six problems with y(0) =y given. Letx, =nhfor0 <n <M
with h = 1/M, and let f,, := f(xn,yn), f":= f(xn,").

P. 1. Find o (> 0, real) such that the order of accuracy of the scheme below is as high as possible.

h
Yn42 — OYn = g[fn+2 +4fut1 +fn]

Is the method convergent for this value of o?
P. 2. Show that the truncation error of the simplicit scheme below is of order 4.

h
Yn+1 —Yn = E(fn+1 +fi’l>7 n=0.
P. 3. Consider the one-step method
Y1 = Yn + Ohf (Xn,yn) + BAf (X + YA, Y0 + YRS (Xn,¥n)),

where o, B and 7 are real parameters. Show that the method is consistent if and only if ¢ + 8 = 1.
Show that the order of the method cannot exceed 2.

P. 4. Investigate the absolute stability using the Routh—Hurwitz criterion of the linear two-step
method y2 —yu = 5 (fur1 +3fa)-

P. 5. Consider the following linear multistep method
Y3+ (26 = 3) (Y2 = Ynr1) —Yn = h6 (fura + fus1) -
Find the values of the real parameter § such that the linear multistep method is zero-stable.
P. 6. Find a and b such that the linear three-step method, y,,+ |1 +ay,—1 +by,—2 = hf,, is consistent.
P. 7. Consider the following two-point BVP:
—y"(x) +2x(1 —x)y'(x) +y(x) =0 for x € (0,1), with y'(0)=y(1)=0.
Define the standard continuous Galerkin piecewise linear finite element method .
P. 8. Develop a shooting method for the numerical solution of the problem below.
Y'(x) =y(x)e?™ =1 for x€(0,1), with y(0)=y(1)=0.
P. 9. Consider the following problem:

Y'(x)+p(x)y (x) +q(x)y(x) = f(x) for x€(0,1), with y(0)+)'(0) =y(1) =0,



where p and g are smooth. The finite difference solution is defined by: for 1 <n <M —1,

1= 2yn+Yn—1 1= Yn—1

g L) P g = ),
—3yo+4y1 —y

Vo4 TRy, —0,

2h

Use Taylor series expansions to show that the truncation error |T"| < Ch? for n > 1.



