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Notation: R = the real numbers, N = the natural numbers, m = Lebesgue measure.
Instructions: Give a detail solution.

(1) (a) A collection C of subsets of X is an algebra with the following property: if

En ∈ C and En ⊆ En+1, n = 1, 2, · · ·, then
∞⋃
n=1

En ∈ C. Prove that C is a

σ-algebra.

(b) Let f : [a, b] → [−∞,∞] be a measurable function. Suppose that f takes the
value ±∞ only on a set of (Lebesgue) measure zero. Prove that for any ε > 0
there is a positive number M such that |f | < M , except on a set of measure
less than ε.
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(2) (a) Assume that m∗ is an outer measure on 2X and pick A ⊆ C ⊆ X. Show that
if a set B is m∗-measurable and satisfies A ⊆ B and m∗(A) = m∗(B), then
m∗(C) = m∗(B ∪ C).

(b) Let {fn} be a sequence of Lebesgue measurable functions on a set E ⊂ R,
where E is of finite Lebesgue measure (m(E) < ∞). Suppose that there is
M > 0 such that |fn(x)| ≤ M for n ≥ 1 and for all x ∈ E, and suppose that
lim
n→∞

fn(x) = f(x) for each x ∈ E. Use Egoroff’s theorem to prove that∫
E

f(x) dx = lim
n→∞

∫
E

fn(x) dx.
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(3) Let f(x) be a real-valued Lebesgue integrable function on [0, 1].

(a) Prove that if f > 0 on a set E ⊂ [0, 1] of positive measure, then∫
E

f(x) dx > 0.

(b) Prove that if ∫
[0,t]

f(x) dx = 0, for each t ∈ [0, 1],

then f(t) = 0 for almost all t ∈ [0, 1].
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(4) (a) Suppose f : R→ R is measurable. Use the definition of measurability to prove
that for every integer n ≥ 2, the function fn defined by (fn)(x) = (f(x))n is
also measurable. [Note: In your proof you should not use the fact that the
product of measurable functions is measurable.]

(b) Set fn(x) =
n+ cos(nx)

2n+ 1
, for x ∈ (0,+∞) and n ∈ N. Evaluate with proof

lim
n→∞

n∫
0

fn(x)dx.
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(5) (a) Show that the monotone convergence theorem may not hold for decreasing
sequences of functions.

(b) Let Q = [0, 1]× [0, 1] = {(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} and f : Q→ R. Assume
that x→ f(x, y) is a measurable function for each fixed value of y ∈ [0, 1] and

the partial derivative
∂f

∂y
exists. Suppose there is a function g that is integrable

over [0, 1] such that ∣∣∣∂f
∂y

(x, y)
∣∣∣ ≤ g(y), for all (x, y) ∈ Q.

Prove that

d

dy

[ 1∫
0

f(x, y) dx
]

=

1∫
0

∂f

∂y
(x, y) dx, for all y ∈ [0, 1].

Dr. M. R. Alfuraidan
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