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Problem 1: (10 pts) Consider a wave equation on the entire spatial axis
Uy = dUgy,, —00< T <00, t>0, (1)
with initial data

cos (ﬁx for 0 <z <3,
0 otherwise.

u(x,0) =0, u(z,0)= {

1.) Give the solution of the Cauchy problem.
2.) Write the solution explicitly when t = 1/2.
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Problem 2: (15 pts)Consider the nonhomogeneous IBVP

Up = Uy + Fz,t), 0<z<1,t>0
u(0,t) =u(l,t) =0, t>0
u(z,0)=1 0<z<1.

Assume u and I are in the forms

oo
ZA sin(nrz) and F(z,t) Z )sin(nnx)

1.) Express A,(t) in terms of u; and B,(t) in terms of F.
2.) Write the ODE satisfied by A,(¢) and B,(t).
3.) Compute A,(0) and find the explicit expression of A,(t), for ¢ > 0.
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Problem 3: (15 pts) Let Q be a bounded domain of R3, 9§ a piecewise smooth closed
boundary surface. Let = be an interior point of Q and let B(z,e) = {y € R?, |y — z| < ¢}
be the open ball of center z and radius € > 0. Let S(z,e) = 0B ={y € R®, |y —z| =¢} be
the sphere of center X and radius €. Let v € C%(Q). Show that

R //s(z [ <|y wl) ly i z| &gg)} doy = (). )

where do, is the differential element of Surface area on S(z,€); n(y) is the outer normal
vector to S(z,e) and n(y) = = (z,¢€).

(Hint: we have 2 ( 1 ) = lz for any y € S(z, 5))
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Problem 4: (15 pts) Consider the boundary value problem

V2u=0 in D
u=f on 0D

where D is a simply-connected 2D region with piecewise smooth boundary 0D.

1.) State the Maximum Principle for v on D. If f = 3 at each point on the boundary 9D,
what is v on D?

2.) State the Mean Value Property of u on the circle C = {(z,y) : z* + y*> = R}. Use this
result to find u(0, 0) if on the boundary u takes the values

1, if —2<f<Z,
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Problem 5: (15 pts) Solve the Laplace equation on the quarter unit disc

1 1
V2u(r,8) = vy + v, + —vgo = 0,
r r

with boundary conditions

v(1,6) = g(6), v(0,8) bounded, -—g <f<

v(r,'g—) =0, v(r,m)=0 0<r<l.
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Problem 6: (15 pts) We know that the Laplace equation for the upper half-plane with
boundary conditions on the z-axis

Uzz + Uy = 0, u(z,0) = f(z), —co< T <00, ¥y >0, (4)
has the solution
1 o '

Consider the equation in the upper left quadrant with homogeneous boundary conditions on
the positive y-axis:

Uzz + Vyy = 0, v(z,0) = g(z), v(0,9) =0, z <0, y > 0. (6)

Use the solution of (4) to find an integral expression of the solution of (6), given on the

negative z-axis.
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Problem 7: (15 pts) Let Q2 be an open bounded domain with a piecewise smooth boundary
0Q. Consider the Robin problem for the Laplace equation

U ~-Vu=0 in Q,
%-i-au:ﬁ on Of).
on

where a > 0 and 8 € R. Prove that the solution u is unique.
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