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Answer the following questions.

1. (20 pts) Let f : Ω → Rm where Ω is an open subset in
Rn, and a ∈ Ω.

(a) Define, Df (a), the derivative of f at a.

(b) Show that Df (a) is unique, assuming that f is dif-
ferentiable at a.

2. (20 pts) Let f : Ω → R where Ω is an open subset in
Rn, and a, u 6= 0 ∈ Ω.

(a) Define, Duf(a), the directional derivative of f at
a in the direction of u.

(b) Show that |Duf(a)| is maximum in the direction
of the gradient of f at a.

3. (40 pts) For the functions f1, f2 : R3 → R, f : R3 →
R2, g : R2 → R3 defined as

f1(x, y, z) = x− y,
f2(x, y, z) = xyz,
f(x, y, z) = (f1(x, y, z), f2(x, y, z)),
g(x, y) = (xy, x2, y2),

compute

(i) Duf1(1, 1, 1) where u = (u1, u2, u3) ∈ R3,

(ii) D(f◦g)(1, 1) using the chain rule,

(iii) Hf2(1, 1, 1), the Hessian of f2 at (1, 1, 1),

(iv) D2
g(1, 1), the second derivative of g at (1, 1).

4. (20 pts) About the point (0, 0), find the second order
Taylor’s formula for f(x, y) = cosx cos y and show that

lim
(x,y)→(0,0)

R3(x, y)

‖(x, y)‖2
= 0

where R3(x, y) is second-order remainder. (Hint: com-
pute |R3(x, y)|)


