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Answer the following questions.

1. (10 pts) For x, y ∈ Rn show that

‖x+ y‖‖x− y‖ ≤ ‖x‖2 + ‖y‖2

and the equality holds if and only if 〈x, y〉 = 0.

2. (10 pts) Prove that a closed subspace of a complete met-
ric space is complete.

3. (10 pts) Let X be a metric space. Show that (∂S)
◦

= ∅
where S is an open subset of X.

4. (10 pts) Let f : X → Y be a function from a metric
space X to another metric space Y . Show that if f is
one-to-one, then

A = f−1 (f(A)) , for any A ⊆ X.

5. (10 pts) Using ”ε− δ” definition of the limit, show that

lim
(x,y)→(5,−1)

(x− 5y) = 10

6. (10 pts) Show that the function f : R2 → R defined as

f(x, y) =

 y2 + x3 sin
(
1
x

)
if x 6= 0,

y2 if x = 0

is continuous at (0, 0).

7. (10 pts) A subset S of a metric space X is said to be con-
nected if it cannot be written as S = (S ∩A) ∪ (S ∩B)
where A and B are disjoint nonempty open subsets of
X. Suppose now that X and Y are two metrics spaces
and F : X → Y is a continuous function. Show that if
S ⊂ X is connected then so is F (S).


