Additional Exercises
Math 202: Sections 4.1, 4.2 and 4.3

Dr. Othman Echi and Dr. Saber Trabelsi

Department of Mathematics & Statistics, King Fahd University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia.

March 18, 2018

do not pretend that this list covers entirely

the whole material of the indicated sections,
and we warmly recommend to not stop practicing
after finishing these exercises. Never forget that
knowledge is a treasure, but practice is the key to
it.

T his is a list of exercises with corrections. We

1 Statement

Exercise I

Show that y;(x) = coslnz and y» = sinlnz are lin-
early independent on I = (0, +00).

Exercise II

Verify that the set of functions {z, 2, %} forms a fun-
damental set of solutions of the differential equation
23y + 2%y —2xy' +2y=0, on (0,400). (1)

Find the general solution of the differential equation

(D.
Exercise III

Given that y,, = €3 is a particular solution of the
differential equation

y" =3y 42y =267, 2)

and that y,,, = 2 + 3z + 3 is a particular solution of
the differential equation

y' =3y +2y=22" -1, )
find a particular solution of the differential equation

y" — 3y’ + 2y = 73" + 62 — 3. 4

Exercise IV

Given that y;(z) = 1 is a solution of the differential
equation
22y +3xy' +y=0, x>0, (5)

use the method of reduction of order to find a second
solution of (5) that is linearly independent of y;.

Exercise V
Find the general solution of the differential equation

y®) 4 3y™ — 5y 417y — 36y +20y =0. (6)

Exercise VI
Find the general solution of the differential equation

Yy — 7y — 18y = 0. 7)

Exercise VII

Find the general solution of the differential equation

"

y" +6y" +y —34y =0,

—4% cos x is a solution.

knowing that e
Exercise VIII

Find the general solution of the differential equation

"

2" + 7y 4+ 4y’ — 4y = 0.

Observe that 1 is a root of the associated auxiliary
equation.

2 Correction

Exercise I
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The Wronskian is given by

coslnz sinlnz

W(y1,y2)(x) =

_ sinlnx coslnx
x T

1
= - (0052 Inz + sin?In x)
T
1
= # 07
T

for all z € (0,400). We infer that y; and y- are linearly
independent on I = (0, +c0).

Exercise II

One may check easily that y; = z,y» = 22 and y3 = %
are solutions of the differential equation (1). Indeed,
y1 = 1 and its higher derivatives are 0 and owe have
clearly

xgyll" + o:zyf —2zy] + 2y; = —22 + 2z = 0.
Also, we have y, = 2z,y) = 2 and y4’ = 0. Thus, we
have

23y 4 2y — 2wy + 2y = 222 — 42 + 222 = 0

Eventually, we have v} = — 4 ¢ = Z and yf' = -5
so that

6 2 2 2
R R Rl
x X X x

Now, we have

x x? %
W(y15y27y3)($) =1 2z 7%
0o 2 =
. 2z —% B 22 1
T2 2 2 X
4 i 2 2 2
=T —_— —_— —_— _ —
2 x? r

=220,
x
for all z € (0, +00). Therefore, {y1,y2,ys} is a funda-

mental set of solutions of the differential equation (1).
The general solution is given by

c
2 3
Yy =ci1x + cox +—x, c1,co,c3 € R.

Exercise III

Let L de the linear differential operator given by
L=D*-3D+2.

Then, we havge

Ly,, =2¢**, and Ly,, = 22> — 1.

Now, observe that we have
. 7 .
7€3% 4+ 62° — 3 = 5(2e3%) +3(22% - 1).
Therefore,
3z 2 7
7e”" + 627 —3 = §Lypl + 3Lyp,
7
=L Eypl + L3yp2
7
=L (iypl + 3yp2)'

Thus, y, = Zy,, + 3y,, is a particular solution of the
differential equation (4). In particular

7
Yp = ie?“ +32° + 9z +9.

Exercise IV
The standard form of the differential equation (5) is
3 1
v+ -y +—5y=0
T T

By reduction of order, we let

e—f%dm

yi
L
=1 /’”—dm
yi
dzx
=4 —
T
B Inx
T

Thus, y, is a second solution of the differential equation
(5) which is linearly independent of ;. The general
solution of the differential equation (5) is then given
by

c1 Inz
y=*+0277 61562€R~
X X

Exercise V

The auxiliary (or characteristic) equation associated to
the differential equation (6) is
r®+3rt —5r% + 1772 — 36r +20 =0
e (r—1)r*+4r% —r% 4+ 16r +20) =0
& (r—1)2%(r +5r% +4r +20) =0
e (r—1)2r*(r+5)+4(r+5)) =0
S (r—1%(r+5)(r*+4) =0
& (r—1)%*r+5)(r+2i)(r—2i)=0

r

It follows clearly that the general solution of the differ-
ential equation (6) is given by

c1e” + come” + cze” " + ¢4 cos(2x) + c5 sin(2z),
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where
cr € R,

Exercise VI

The auxiliary equation of the differential equation (7)
is
rt—7r? —18 = 0.

Clearly, this equation is equivalent to
(r*+2)(r*=9) = 0 & (r—v2i)(r+v/2i)(r—3)(r+3) = 0

The general solution of the differential equation (7) is
then given by

y = 16" 4 273 4¢3 cos(V2x) + cysin(v2x),

where
C1,C2,C3,C4 € R.

Exercise VII

Since e~** cosz is a solution, than we deduce that

—4 + 14 is a solution of the characteristic equation and
therefore its conjugate —4 — i is as well a solution. The
characteristic equation can be written then

0=r3+6r2+r—34
=(r+4-0)r+4+9)(r—-2).

THus, the third root is » = 2, and therefore the general
solution of the differential equation is given by

4 4

y=cre 4 cosz + coe” 4 sinx + 327,

where
c1,co,c3 € R.

Exercise VIII

The characteristic equation of the differential equation
is given by

28 + 72 4 4r —4 = 0.
As r = 1 is a solution, we have clearly
0=2r+7r" +4r — 4

1
=(r— 5)(27‘2 +ar + fB).

Developing this expression and using identification,
we end up with the fact that « = 8 and g = 8. Thus,
the solutions of the characteristic equation are r = 1
and r = —2 which is of multiplicity 2. Eventually, the
general solution is then given by

y=cre? + c2e®® + czze?®,
where

c1,c9,c3 € R,

3 Remark on Reduction of Order
Consider the differential equation

v +p(x)y + q(z)y = f(x), ®

where p(z), ¢(x) and f(x) are continuous on some open
interval I.

Assume that y; () is a solution of the homogeneous
equation associated to (8) such that y; (z) # 0 for all
x € I. That is

yi +p(2)y; +q(z)ys =0, Vael

If y is a solution of the differential equation (8), then
we let

Yy=uy.
Therefore, u satisfies

u"y1 + (2y1 + p(a)y)u’ = f(x).

Letting v = v/, we get

R (C)
v +(2y1+p( ) "

This is a first order linear differential equation. Its
integrating factor is

ef <2§—}+p(w)> dz — o2lnlyl o f p(a)da
_ y% efp(x)dx.

Now, multiplying the differential equation by this inte-
grating factor we get

d

= <y§ of pl@)dz v) — g1 el PO ).
X

Thus, we have
v = y1_2 e fp(m)dm / Y1 efp(a:)da: f(x) dx

Eventually, to get u, it suffices to integrate v.

Exercise IX

The function e* is a solution of the differential equation
xy" — 2y +(2—2)y=2> 2 (0,+00) )]

Use the method of reduction of order to find the general
solution of the differential equation (9).

Solution of Exercise IX

The normal form of the differential equation (9) reads

2 2
y”—y’+(—1>y=x2-
T x
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Now, we set y = uy; = ue® and v = v’ and obtain

z 2
v+ <2€ - > v=gx%e"".
er x

1
1/—1—2(1—)1}::1:26_”.
T

This is a first order linear differential equation. Its
integrating factor is

That is

2z
o2 (1=3)de _ 872.
T

Now, multiplying the differential equation on both sides
by this integrating factor, we get

d eQw 621- .’1?2 .
J— — = ——— =8
dx \ x2 2 e*

Thus, we have

x? z?

e’dr = — (1 + cle*$) ,

v= eZm er

where ¢; € R. Now, we go back and find u. We have

22
= [Z (14+ce)d

u(x) /ef( +cie ) x
= (22 +22+2)e "+

1 .
— % (:v2 +x+ 2) e 2",

Now, we go back to find y. We have

y(x) = uyy = — (2% 4 22 + 2) + 2
C1
-2

1
5 2+ + 2)e

2

where
Cc1,Co € ]R,

which is a second solution of the differential equation

9.
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