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1. [4 points] Find the inverse of the following matrix, if it exists:  

𝐴 = [

1 0
0 1

3 0
0 3

1 0
0 1

2 0
0 2

]. 

2. [4 points] Let 𝐴 be an 𝑛 × 𝑛 matrix whose entries consist of 1′𝑠 𝑎𝑛𝑑 0′𝑠 𝑜𝑛𝑙𝑦. 

Find det (𝐴) if each row and each column of 𝐴 contains one 1 only.   

3. [8 points] Let 𝐴 = [
1 1
0 0

] ∈ ℝ2×2.      

a) Show that 𝑊 = {𝐵 ∈ ℝ2×2: 𝐴𝐵 = 𝐵𝐴} is a subspace of ℝ2×2.   

b) Find a basis for 𝑊.   

4. [4 points] Find all real values of 𝑎 for which 𝑟𝑎𝑛𝑘(𝐴) = 2, where 

𝐴 = [
1 −1 𝑎/4
2 𝑎 −1
0 3 8

]. 

5. [8 points] Consider the linear transformation  𝐿: ℙ3 → ℙ3 given by  

𝐿(𝑝(𝑥)) = 𝑥𝑝′(𝑥). 

a) Find the kernel of 𝐿. 

b) Find the range of 𝐿.  

c) Find a matrix representing 𝐿 with respect to the basis 𝐸 = {1, 𝑥, 𝑥2} for ℙ3.  

6. [7 points] Let  

𝑣1 = [

1
2
3
4

] , 𝑣2 = [

1
0
2
3

] , 𝑣3 = [

1
2
1

−1

].  

be vectors in the inner product space ℝ4 equipped with the standard inner product. 

Let 𝑆 = 𝑠𝑝𝑎𝑛{𝑣2, 𝑣3}.  

a) Find the vector projection of 𝑣1 on 𝑆.  

b) Find a basis for 𝑆⊥, the orthogonal complement of 𝑆.  



7. [8 points] Prove the following statements: 

a) If 𝑄 is an 𝑛 × 𝑛 orthogonal matrix, then 𝑄2 is an orthogonal matrix.  

b) Let 𝐴 be an 𝑛 × 𝑛 matrix such that 𝐴2 = 2𝐴. If 𝜆 is an eigenvalue of 𝐴, 

then 𝜆 = 0 𝑜𝑟 𝜆 = 2.  

8. [8 points] Use Gram-Schmidt orthogonalization process to generate an 

orthonormal basis for ℝ3 starting with the basis 

{[
1
0
1

] , [
1
1
1

] , [
1

−2
0

]}.  

9. [10 points] Let  

𝐴 = [
0 −2 1
1 3 −1
0 0 1

] 

a) Find the eigenvalues of 𝐴. 

b) Find the eigenspace corresponding to each eigenvalue of 𝐴. 

c) Find a matrix 𝑃 and a diagonal matrix 𝐷 such that 𝑃−1𝐴𝑃 = 𝐷.  

10. [9 points] Identify the graph of the quadratic equation 

9𝑥2 + 8𝑥𝑦 + 3𝑦2 = 20 

by first making a suitable substitution that removes the 𝑥𝑦 − 𝑡𝑒𝑟𝑚 from the 

quadratic equation.  

All the best, 

Ibrahim Al-Rasasi   

 

 


