KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS-:
Department of Mathematics and Statistics
Math 301 Final Exam (163)

Exercise/Question # | Mark

1 20
2 20
3 20
4 20
Q1 10
Q2 10
Q3 10
Q4 10
Q5 10
Q6 10
Total 140




PART 1: Written

Exercise #1: (20 pts) Solve the boundary value problem using the Laplace transform
%:c2%,0<x<1,t>0
u(0,) =0, u(l,t)=0,t>=0

u(z,0) =0, %(z,0) =4sin(3rz) , 0 <z <1

ANSWER:
Let Uf(x,s) be the Laplace transform of w(z,t) with respect to t. Applying the laplace
transform to both sides of the PDE, we get

d*U
s*U(x,8) — su(w,0) — u(x,0) = C2W
Thus,
U /s\2 ,
o <E> U = —4sin(37x)

whose general solution is
s ) s
U = ¢y cosh (—x) + ¢o sinh (—x) +U,
c c
where U, is a particular solution. Let U, = Asin(37wx). Replacing into the DE we grt

2
—9r? Asin(3nz) — <E> Asin(3rz) = _4 sin(37z)

c c?
Thus,
B 4
s? + (3mc)?
Therefore,
U = ¢; cosh (zx) + ¢y sinh (Zx) + T (3rc)? sin(3mx)

Since U(0,s) = 0 and U(1, s) = 0, we obtain ¢; = ¢; = 0, giving,

Ulx,s) =

m Sin(?)ﬂ'l’)

whose inverse Laplace transform is,

4
u(z,t) = Tro sin(3mct) sin(37x)



Exercise #2: (20 pts) Solve the following problem using the Fourier transform leaving
the solution in integral form

ot Ox2

@:k&, —o<r<oo,t>0
u(z,0) = e 31,

where lim|g| .o u(2,t) = 0 and limg| .o Uz (x, ) = 0.

ANSWER:

Let U(a,t) be the Fourier transform of u(x,t) with respect to x. Applying the Fourier
transform to both sides of the PDE, we get

dU

We have
Ula,0) = / u(z,0)e'*dr = / el gior gy — / el dy + / e el ]y,
—00 —00 —00 —0
1— e(3+7ﬁo¢)a: 6(—3+ia)x -1 1 1 6
a——o0 3+ i b—oo  —3 +iq 3+ia 3 —ia o?+9
thus,
Ula,t) = 0 ¢ k¥t
T a249

so that the solution is

1 [ 6

u(z,t) = —/ —ka’to—iaw g
21 J_ o a2 +9




Exercise #3: (20 pts) Consider the Sturm-Liouville problem

{y"+y’:)\y., 0<z<l
y(0)=0 , y(1)=0

(a) Write the differential equation in self-adjoint form specifying the weight function as well
as an orthogonality relation.

(b) Find the eigenvalues and corresponding eigenfunctions

(c) Use (a) and (b) above to obtain the eigenfunctions expansion of f(z) =e™2 ,0 <z <1
as well as the value of the series at z = %

ANSWER:

(a) An integrating factor is e” so that a self-adjoint form is

— (") = (=N)ey
from which we get the weight function w(x) = e*. In view of the boundary conditions we

conclude it is a regular Sturm-Liouville problem. Thus, and orthogonality condition for the
eigenfunctions y; is

| @ =oit 1

and an associated inner product is

< g S / w(z) f(2)g(x)dx

(b) Eigenvalues and eigenfunctions:

The differential equation y”+3'— Ay = 0 is a linear constant coefficients whose characteristic
equation is 7% +7 — X\ = 0. The discriminant is A = 1+ 4\. We distinguish three cases, A = 0.
A >0and A <O0.

Case A = 0. It leads to one double root r = —% so that the general solution is y =
c1e”2 + cywe™ 2 Using the boundary conditions we get y = 0 (trivial solution).
Case A > 0 We let A = w? > 0 so that we have two real roots r; = ==Z and ry = =1F=.

2 2
Hence the general solution is y = c1€"™”* + c2e™*. Using the boundary conditions we get again

the trivial solution y = 0.
Case A < 0 We let A = —w? < 0 so that we have two complex conjugate roots r; =
and 75 = =2 Hence the general solution is y = e~ 2 [¢; cos(2x) + ¢z sin(Zx)]. Using the
) = 0, Since ¢y cannot be zero (trivial

boundary conditions we get this time, ¢; = 0 and ¢, sin(§

solution), sin(¥) = 0. Thus, w), = 2kn., k > 1 leading to the eigenvalues A, = —3 — (km)?,
k > 1. with eigenfunctions y, = e~ 2 sin(krz) , k > 1.

—1—iw

(c) An eigenfunctions expansion for f is f(x) ~ > .., cxyx(x) where

fol e flx)yp(x)dr fol e"e"2e 2 sin(kmr)dr fol sin(kmz)dx

fol e [yn(x)[* da fol et }6_% sin(k:mc){2 dr fol sin?(kmx)dr

= 2/0 sin(krz)dx = % (1 —cos(km)) = % [1—(=1)"]

Cr, —

= ki if k£ is odd and zero if k even.
T

so letting £ = 2n + 1 leads to



Since xr = % is a continuity point for the function, the value of the series at x = % is

1

f3)=ei



have X 1
Fy(x) =1, Pi(x) =z, Py(x) = 5(3372 — 1), B(z) = 5(5133 — 3z)
thus,
1 [0 1 [t 1 1
cp = /f )Po(x dm——ﬁ/ dx+§/0 2dx=—§+1:§
3 3 /! 3 3 9
c = /f VP (x dm——ﬁ/lxdx—i—ﬁ/o 2900[30_——1+§_Z
5 [0 5 (1
2 = 3 f(x)Pz(a:)aM = ——/ (32% — 1)dx + —/ 3z = 1)dz =0
2 1 4 1 9 0
7 1 7 0 7 1 75
= — P S 3 _ Z _ (=
cs 5 1f(:l:) 5 () da 4/_1(535 3z)dx + 2/_0(533 3z)d iy
T T2
16 8 16

Exercise #4: (20 pts)

(a) (10 pts) Find the first four terms of the Fourier Legendre series for the function

-1, —1<z<0
ﬂ@{ 2, O<z<l1

ANSWER:
The Fourier Legendre series of f is

2) ~ Y e Py()

n>9

where ¢, = 2 f f(x

Therefore the Fourier Bessel series is

£(&) ~ 5Po@) + {Pi(x) +OPy(x) — 22 Pale)

.(b) (10 pts) Find the Fourier integral representation of the function

0 ,rz< -2

-1, —2<z<0

J(z) = 2, O0<az<?
0, x>2

ANSWER:
The Fourier integral representation of f is

ﬂ@N—Ammmn%m@+Bmmmmﬂw

™

(x)dx, n > 0, P,(z) being the the Legendre polynomials.

We



where

Ala) = / (@) cos(a /Ocos(ax)dx—Q /2 cos(az)dz

-0
_sin 2a) 28111(205)_ 3sm(2a)

Bla) = / : f(2) sin(az)de = — / Z si:(ax)dx— /0 22sin(ax)da:
1—cos(2a) _cos(2a)—1 1

= - +2 - = (cos(2a) — 1)

Hence

fla) ~ L /0 N {—3M cos(az) + — (cos(2a) — 1) sin(ax)] da

« «



Part 2: MCQ

Q1) (10 pts) Consider the equation y(t) = cost + f[f e "y(t — 7)dr and let Y(s) denote
the Laplace transform of y(t) then
(A) Y(s) = 55

(B) Y(s) = 7
(C)Y(s) = 35
(D) Y(s) = 345
(E) Y(s) = 37
ANSWER:

Applying The Laplace transform to both sides of the integral equation and using the prop-
erties of the Laplace transform, we get,

S 1

Yis) = 5241 * s+ 1Y(S)
so that s+1
YO =g
so (D).
Q2) ( 10 pts) The inverse Laplace transform of
252 —s+1
iy
1SA) 26 (t) — 3e~2 Pleos (3t) — 4 38111 (3t)]
(B) 2u (t) — 3¢~z t cos (\/_t) 3sin (\/_t)}
(C)o(t)—3et [cos (3V3t) - \/_sm( 3t)]
(D) 26 (t) — 2e™2 t [cos (V/3t) — 2v/3sin (V3t)]
(E) 20 (t) — e~ 2! [cos (3v/3t) — ﬁg sin (%\/gt)]
ANSWER:
We have,
P = 2o Gty = SO
(s+8)7+ (%)
R 11T N D
+5'+(€) Y3+ +(2)

whose inverse Laplace transform is

s V3 | V5]
f(t) =26(t) —3e 2 [cos (7t> “3/ sin <7t>]

so (E)



Q3) (10 pts) The Laplace transform of f(t) = te=% sin(3t), .is

(A) iy

(B) wrnr

(©) 231_814%1

O T

Let g(t) = e ' sin(3t). Its Laplace transform is G(s) = m. So the Laplace transform
of f(1) is F(s):_i[ 3 }: 3(2s+4) _ 6s+12

ds [(s+2)249]  [(s+2)2+9* [s2+4s+ 13
thus (A)

Q4) (10 pts) The Fourier series of f(x) =z, —7 <z < 7 is

(A) Yy 252 sin (k)
(B) Yy S sin(ka)
() Ypny S sin(kz)

(D) Zk>1 = _?k+1 cos(kx)
(B) Yyny 25 sin(kx)

ANSWER:
f is odd. so its Fourier series is

where

C. =

N

[_xcos(k:x)ﬁzg_’_/ cos(lm)dl}
k 0

2

k

thus (E)



Q5) (10 pts) The Fourier-Bessel series expansion of f(z) =z, 0 < x < 3, in Bessel functions
of order one that satisfy the boundary condition J;(3c) = 0 is

(A) 2,5 Wﬁ(?ﬂnw)
B) Xovs1 arm@any /1 (@)
(C) 23,51 mjl (an)
(D) 3321 g (@)
(

E) 2 anl mjl (Oén$)
ANSWER:

Let ay,,m > 1, be the solutions of J;(3a) = 0.The Fourier-Bessel series expansion of f is

flz) ~ Z cnJ1(anx)

n>1
where
9 3
Ch, = m\/o .TJl(OénI’)f(I’)dl’
2 5
- - T (an)d
9J22(3an)/0 v Silanz)de
But

d 2

— |y J =y-J

dy [y 2(9)] y=J1(y)
so let y = a,,x, we have dy = a,,dx and ¢, becomes

2 3o )
S J1(y)d
¢ 903 72 (3an) /0 v (y)dy

= #/0%i [v2 12 (y)] dy

9 J2(3auy,) dy
B 2
anJa(3ay,)
so the Fourier Bessel series of f is
2
fla)~>" mJl(anx)

n>1

Thus (E).
Q6) (10 pts) The general solution of z?y" + xy’ + (32 — 1)y = 0, is:

)
) 01J1 (\/§ZL‘) + 023/1 (\/gl’)
) 1l sz () + Y 5 (2)

)

ANSWER:
This is a parametric Bessel equation 2y” + zy’ + (a?2? — v?)y = 0 with a = v/3 and v = 1.
Therefore, its general solution is

y = c1J1(V32) + Y1 (V37)
thus (B).



