STAT460 Time Series Formula
CHAPTER 2 — Fundamental Concepts

Stochastic Process Mean E(Yy) Autocovariance function, Autocorrelation function, p; ¢
Model 1,5~ Cov (¥,.Y)
{Yi:t=0, %1, w=E(Y) ¥, = Cov (Y,,Y,) (222 pes= Corr (Y, ,Y))223)
+2,43,...} @21 (Y
JVar (Y)Var (Yy)
= ’Yt—,s (2 2 4)
VYt tYss B
Yi=Yei+ e 229 | u=0 (22.10) |y, =tcZ (212 for1<t<s _ s _ |t 2913
with Y1 =e; forall ¢ V;’nlr(Yt) =to? (2211) Pts Sedlss NS (2213)
“initial condition” e for1<t<s
_ete-1 |pu=0 forall¢ 0.562  for |t-s|= 0 1 for|t-s|=0
L =
20211y Yeros= 102563 for |t-s|= 1 | pre-s= 0.5 for |t-s]= 12216)
0 for |t-s|> 1. 0 for|t-s|> 1
(2.2.15)
Random Cosine Wave - 1 t—s _ k. _
° u=0 forall ¢ | | = cos(2m 2.34) for k =0,
YV, = cos(n( +®)) - Ves— ECOS(ZW( v ))- :)_tls T (2m3) @ay
fort=0, +1, +2, ... -

yt,t: Var (Yt) Yt,s = YS,t h’t’_gl < 'Yt’t’ysls

- (2.2.5)
pt,tzl Pt,s=Pst |pt,s| <1

Cov (X% cily, A=y diYs; )=2in1 AY=q cid; Cov (Yy,, Ys,) with constants c; and d 2:26)

Special case: Var (3= ci¥e, )= 1= cf Cov (Ye) + 22}1:22‘]'-_:11 ciciCov (Yy, Yr,)  (2.2.7)

strictly stationary process {Y:} if the joint distribution of Y, Ye, ..., Y iS the same as the joint distribution of Yu.«,Ye-«,
..., Ym- for all choices of time points ty, to,..., trand all choices of time lag k.

weakly(or second-order) stationary if
1) The mean function is constant over time, and

2) Veeo1= Yoy forall time tand lag k.



Residual X, = Y, — fi, (3.6.1)

CHAPTER 3-TRENDS

Zt k+1(yt Y)(Yt k— Y) fOI‘k _ 1 2

e =

Zt 1(Yt Y)z

- (3.6.2)

Most statlonary processes

Var(Y)

~ % (2%, pil forlarge n 325

"2 pi| < oo (3.2.4) Except random cosine wave

2
%(1 +1.66p;)

= ZZ" (1+1.732p,) (345)

Special stationary Var(Y) ~ _gjz;% (3.26) pi = ¢ ¥lfor all k, where-1<g< 1
Model Estimate of MeanE(Y+) Var(Y) Autocorrel
ation
Yozpu+ X G21) P=r3iaYoeea | var) =2, (1-5)
where E(X)=0 n v
= [1 +2 Z (1 - —) pk] (3.23)
Yi=pu +X;, where E(X)=0 1S Var(Y) =
{Xi} white noise Y = ZZ Y:
t=1
Yt = et— %2 e.sMA model o1& Var(?) = Yo [1 ~0.8 (n_—l)] p1=-0.4
Y=£ZY, oL n pk= 0 for
= Var(Y) = 0.2; for large n k>1
Yy = Xt, random walk VClT'(Y) — 1 (0.2 n tZ)
z \Oe Lt=1
where E(X)=0 X, = Y!_, e; n (n+1)
= (Zn + 1) 70'3 (3.2.7)
Ye = + Xy, By =
where E(Xy)= 0 Tt=1(e—Y)(t-D) Bo=V—
= Pot+ Pat T -D? 0
B31) | Byt@E32)
where
n
7 1 Z ‘= n+1
Tnl 2
t=1
Alternatively(3.4.7)
B, = t=1(t — DY
MDY G=Y
as above but Dummy variable regression BN _
—Q. 19 forj=1,2 , 12 (3.4.1)
L= Pji= mod(t,12) 3 =L1Ny
j =12 if mod(t,12)=0 Bi N j+1zi
=0
Yi= e+ X, B, = Var(By) = [1 +437, Y521 cos (ﬂ) cos (ans) ps_t]
where E(Xy)=0 2 . [cos (2”:“) Yt] B, = (3.4.3) " "
=Bcos(2nft+d)(3.3.4) 2 n [sin (27rmt) Yt]
pe= Picos(2aft)+ Bosin(2nft) | (545 "
(3.3.5)
whereB = /B2 + B35
@ = atan(—f3,/
B1)(3.3.6)conversely3; =
Bcos(d)
B2 = -Psin(P)33.7)
Same as above random cosine but | As above Var(B,) = Zolq 4 4p12 cos (%) cos (F21)] (3.4.0) p1#0,
{X:} is white noise ' [ = (6) ( )] : | p=0
Var(iy) = Var(B,) + Var(B,) [cos (12)] + Var(B,) [sm (12)] fork>1&
(3.46) m/n = 1/12
n 25 50 500 0o
Var(B 2yo 2yo 2y, I
(B “2(1+170p) | S (1+173py) (1 + 2p, cos (6))




CHAPTER 4 - MODELS FOR STATIONARY TIME SERIES
General linear process, {Yi}, Yi=e: + Uier1 + Yoo + ... (4.1.1) assume 2;‘;11];? < (4.1.2)

Case i; = ¢’ where -1<¢<1 Corr(Y,,Ye_i) = d* (4.1.3)

E(Y)=0 Yi = Cov(Yy,Yip) = 0232 bibik=0  (4.1.4) with Qo=1.
MA Process: Y= e— 0161 —0261-2—... —04er-q  (4.2.1)

vo=Var(¥,) = oZ(1+ 0% + 03 + -+ 62) (4.2.4)

—6k+619k+1+929k+2+'"+9q-keq
oL = 1+ 0% + 0%+-+03
0 for k > q

fork=1,2,--,q

MA(1) model: Y= e~ 616+ 1, E(Y:) =0, yo = Var(Y,) = c2(1 + 62),
Y1 =-0602,0=(-8)/(1+6?), vk=pk=0fork=2 (4.2.2)
MA(2) model: Y= e~ 0:e:-1 — 06+ > vo =Var(Y:) =Var(e— 0161 — 82e>) = Var(Y,) = 62(1 + 6% + 83)

Y1 = Cov(Y;, Yi_q1) = Cov(et—elet_l —026:-2 ,6-1— 01612 —Gzet_g) = Cov (—Glet_l,et_l) + Cov (—Glet_z,— Gzet_z)
= [-8,+(-8)(-82)]0Z = (-6,+86,6,)dZ.

Y2 = Cov(Y,, Yi_y) = Cov(et—elet_l —026¢-2 62— 0163 —ezet_4) = Cov (—9 e et_z) = -0,02.

27t=2
First-Order Autoregressive AR(1) Process: Assuming|¢| < 1, Y= d1Yert e (4.3.2)
oé K k_0é k
Vo= 1= 53(4-33)Vi= dYi—1 (4.3.4)y= d%Yo=" =5 (4.3.5)  pi=Yk/Yo=0" (4.3.6)
General Linear Process Version: Assuming || < 1,: Y= er+ der1 + 0?Vea + oo + ¢FWekr +0 ek (4.3.7)
Y= et 0ers + 0?Vea + ¢3Yes + ... (4.3.8)
AR(Z) model: Yt: (I)lYt.1+ (I)zYt_2+ et (439)

AR characteristic polynomial: p(x) = 1 — ¢y x — P, x?
b1t |03 +40
0 — " (43.10)
—2¢;
Stationarity of the AR(2): d; + d, <1, ¢, —d; <1, and |P,| <1 (4.3.11)

AR characteristic equation: p(x) = 0 > 1 — pyx — Prx2 =

Autocorrelation Function for the AR(2): v, = ¢,y _,+ ¢y, _, fork=1,2,3,.. (4.3.12)
Yule-Walker equations: p, = ¢1p, _,+ d,p,_, fork=1,2,3, .. (4.3.13)
_ 2 b1— P +4d b1t [di+40
o =3 (a318) =l a4 g TR g TR
1 1-¢, 2 1- & 2 2
_ (1-63)6F1-(1-63)ck*
k= (61-C(L16.6) fork>0 (4.3.16)

_ Lk Sin (0k+®) _
Pk =R Wfor k>0 (4.3.17) for complex roots where R = /-,

cos (0) = ¢1/(=2/ =2 ) and tan (P) = (1 — d2)/(1 + ¢2)



Pr = (1 + ﬂk) (%)kfor same roots fork =0, 1, 2,...

1+¢,

Variance for the AR(2): v, = (¢F + $3)v, + 2d1dav, + 07

(1-d3)0’

(1-¢2)

(4.3.19)

= = 2 = +
Y0 T Aogn(1-02-02) 20207 (0 (1—b)7—07 ¢ (4.3:20) v, = bavet P2y

y-Coefficients for the AR(2): v, =1, v, — ¢y, =0, b=y — 920, ,=0j=23 .. (43.21)

j+1 j+1 . .
67 -6 j Sin ([j+1]0)

Vi T -6 (4.3.22) Vi = R’ sin (0)
v, = (1+/)(¢1/2)7  (4.3.24) for same roots

(4.3.23) for complex roots

General Autoregressive AR(p) Process: Y= ¢1Yt1t ¢oYeot ... + dpYept €
AR characteristic polynomial: ¢p(x) = 1 — dpyx — dpx? — -+ — ppx?
AR characteristic equation: 1 — ¢;x — $px? — - — dpxP = 0.
Stationarity conditions: ¢1+ ¢o+ ... + ¢p<1 and | ¢j| <1
Recursive Relationship: pk= ¢1 pk-1+ d2 pk-2+ ... + dp pkp

P1=01+ G2 p1+¢3 P2+ + Pp Pp-1 \

Yule-Walker equations: P2 = 9191+ 42 +¢3 p1+... + ¢p pp -2 } (4.3.30)

(4.3.25)
(4.3.26)
(4.3.27)
(4.3.28)

fork> 1 (4.3.29)

Po=01Pp1+ G2 pp2t G3pp-3t ... + (I)p}
o

1=¢1p1 = $2p2 — ... — Gopp

ARMA(P,Q):Yt= d1Yrat+ G2Yeot ... + PpYep + € 0181 — 02t 2—... —Oger-q (4.4.1)

ARMA(L1):Y:= ¢Yert e— Ot 1 (4.4.2)
Yo = ¢v1 + [1 —0(¢-0)]0Z v1 = dyo — 007 Vi = dyg_y for k =2 (4.4.3)

1-209+ 0> (1-00)(0—0) ,
Yo = ( 1_(3; )O_ez (444) Py = #diengk 1 fork >1 (445)

General linear process ARMA(L,1) version: Y=g + (¢ — 0)X 72, e, (4.4.6)

vi= (¢ —0 )¢ * for j =1

ARMA(p,q) general linear process with y-coefficients determined from

Vo=1, y1= —01+ 1, y2= — 02+ b2t P11, ...yj= —OjF dpyj_pt Pp-1yjp+1t... oY1 (4.4.7)
the autocorrelation function:pk = ¢1pk-1 + d2pk-2 +... + dppk—p for k >q. (4.4.8)

MA characteristic polynomial: 6(x) = 1 — 01X — 02x% — 03x — ... — 04 (4.5.3)

MA characteristic equation 6(x) = 0: 1 — 01X — 02x2 — 03x® — ... —9gx9=0 (4.5.4)

MA(qg) model is invertible; with coefficients 7j S0 that Yi=m1Yt1+ m2Yt.2 + waYes+ ...+ et (4.5.5)

CHAPTER 5 - MODELS FOR NONSTATIONARY TIME SERIES

Model Mean Autocovariance function,
ECY) |y, =Cov(Y,.Y)
,S S

Autocorrelation function, p; ¢

Y= ¢Yt.1 -6t (5.1.1)

Yi=3Yt1— €t (5.1.2)
Yi=e+ 361 + 32et.2+
+ 3%+ 3, (5.13)

gt—k_1
9t—1

Var(Y,) = §(9f — 1)02(5.1.4)

k
Cov(ly, Vey) = 5 (97K
1o? (5.1.5)

Corr(Y,,Y,_;) = 3%
and moderate k.

for large t

Y =M¢ +e; (5.1.9) with
M= M1 + &

pr=—{1/[2 + (6?/08)] (5.1.10)




where {e:} and {&} are
independent white noise series
Yi = Y1 — €(5.1.6)

Y =M, +e; with 72Y, has acf of an MA(2)
M= M1 +W; and
Wi= Wi + & (5.1.11)
ARIMA(p,1,9)
IMA(1,1) Vari¥,) = [140%4 (1-0)%(t  m)]o] L 1-84824(1-8)2(t+m—k)

Corr(Y, Y, _ ) —
ook [Var(Y)Var(¥,_]1'"2

Il[f' +m—k
N or+m

w

1 for large m and moderate k

3

IMA(2,2)

i A . g 2
J:—-}:__ ¥ PR Bt LY 2 Bk L )

ARI(L,1) -

V-F_,=o(l

=¥, Jse
P-4 .

-1

—-(l+d)+wy, =0 |_ok+1

_ U T U CORY Yy = fork =1
ARI(L1): O Ovirva =0 oy andyy =1 +¢, YT V-0 R

for k22

(1= px=0yx? — o = PP Y1 =)Ly x4+ g s + )

= p— e -2 —_ _3_ e — _q
ARIMA(p,d,q) = (1-8)x—Byx" — By 8,49)

Transformation Effects
differencing Vi = W, Reduce to ARMA(p,q) model
Logarithmic If¥> 0 for all tand Ellog(Y)] = log(L,) and Var(log(Y,)) ~ o2
E(Y,) = 1, and JVar(Y) = o
¥ -
log (¥} = log(p,) + ik
.Ll;

Difference in log

Y
log(¥Y)~log (¥, ;) = log| 5 -
\Y,_ |

= log(1+X))

Vilog(Y)]= X,

If | X <0.2,
xh— 1

glx) =9 %
logx for i =0

Power
or Box-Cox

for k=0

A =% = square root transformation

A =—1=reciprocal transformation
Typical A=0,4+1,+1/2,+1/3,0r +1/4

CHAP 6 MODEL SPECIFICATIONS

r = 2O DD ey g5 (6.1.1)
k TR (-1 "

IfY, = u+Xilopje; (e arei.i.d zero means and finite, non-zero common variances). AIso,Z;?‘;0|1/)j| <

o and Y72, jip7 < co (True for any stationary ARMA model)

Then, for any fixed m, the joint distribution of vVn(r; — p1), Vn(ry — p,), ., Vn(%, — pm), 8 n — oo,approaches a joint
normal distribution with zero means, variances Cjj» and covariances c; j




Cij = Ve oo(Pr+iPisj T Pr—-iPi+j — 2PiPkPr+j — 2PjPiPr+i + 2PipjPk) (6.1.2)

Corr(rk,ry) ~ Ckj/+/CkkCjj Var(r,) = %and Corr(rk,rj) ~0fork #j (6.1.3)

(1+22)(1-02F)

-y — 2kd?k|  (6.1.4)

If {Y,} follows AR(1) process with p, = ®@*for k > 0, Var(r) ~ %[

—p2 2
Var(r)) = % (6.1.5) Approximate Var(r,) = 1 [i—zz

n

] forlarge k (6.1.6)

For the AR(1) model, 0 <i<jas ¢; = (¢ -9/ )(a+97%) + (=D =G+ DIt (6.1.7)

1-¢2
’ 1-¢?
COT'T'(Tl,TZ) =~ 2¢) m (618)

For the MA(1) case, c;; = 1 —3p? + 4pf and ¢y, =1+ 2p? fork >1 (6.1.9) ¢ =2p,(1—p?) (6.1.10)

For the MA(q) process, ¢y, = 1+ 2X7_, p; for k > q and

1
Var(r) =~ [1 + Zij:lp?] fork>q 6111) & = Corr(Yy, YeglYe1, Yooz, Yeogr1)  (6:21)

Ok = Corr(Ye — B1Ye—q + BoViz + -+ Br—1Yioks1, Yeok — B1Yeks1 + B2Yeok2 + -+ Br—1Yi-1) (622)

By convention, we take ¢y, = 1. Cov(Y; — p1Ye—q,Yeo1 — p1Ye—2) = Yo(p2 — T + pf — p) = vo(p2 — p?)

_ 2
since Var (Y, — p1Y;—1) = Var(Ye—q — p1Y¥e—3) = vo(1 + p? — 2p3) = vo(1 — p). 2 =225 (6.2.3)

1-p?
¢ —¢?
AR(1) model. px= ¢ $yy = i 0
AR(p) model: ¢1Yr-1+ G2Ye2t ... + PpYip
Cov (Yt =0 Ve = Ve — =0 Ve Ve = R(Yempr, Yemierz s Yt—l))

= Cov(er, Yeek — h(Ye—k+1, Yokt Yeo1)) = 0



Since e;is independent of Ye i, Yik+1, Yeksz, =, Yeu brr =0 fork >p (6.2.4)

_ 62 S
MA(1) model P35 = 1+62+ 0% (6.2.5)
ok(1-082) . ,
Ppk = T _g2k+1) for k=1 (6.2.6)

®iat P12t Polys o+ Pp_ 1O = Py

P1dy + Orat  Prbuy + o+ Pp_ 20k = P2 |

+

Pio1®p + Pr_2®kp* Pr_3dps + -+ = P e = 0 for k> p.
k-1
_ Pk=Xjo1 Pk-1,jPk-j

b 1—2;‘;11 bk-1,jPj

629) bk = Pr-1,j = GrrPr-1k—jforj=12,..., k-1

p2— $11p1 P2 — pi p3 — $21P2 — G22p1

P11 =p1 P22 = 1—dip 1-p? $21 = 11— Po2Pr1P33 = 1 — by py — Paapy
H'ij —- Y[-aS]Y[—l“.“—a')kYI—/\' (()210)

+2/v/n critical limits on ¢y
The Dickey-Fuller Unit-Root Test

Under the null hypothesis thata =1, X,=Y,— Y, _.

=a¥, (+04X,_+-+0X,_;te (6.4.1)
=a¥, 1 +0\ (Y, =Y, )+ o+ (Y, (=Y, ;) +e
AIC = — 2log(maximum likelihood) + 2k (6.5.1)
where {k = p + q + 1ifthe model contains an intercept or constant term and
k=p+q otherwise.

The Kullback-Leibler divergence of go from p is defined by the formula

oo , 0

. o
D(p,qq) = T S 16 ST T, )Iog[
5] J—% J.—Ct' J‘—T 1272 < n qe('\rl"\!zq .__..\r"

P(Y1> Y95 -5 Yp)

)]dy 1dy,...dy,

AIC estimates E[D(p,q;)], Where 0 is the maximum likelihood estimator of the vector parameter 6.

2(k+1)(k+2)
n—k—-2

BIC = — 2log(maximum likelihood) + k log(n) (6.5.3)

AIC~AIC+ (6.5.2)

ARMA(12,12) subset model useful for modeling some monthly seasonal time series:Y= 0.8Y:- 12+ er+ 0.7e:- 12 (6.5.4)

The IMA(1,1) Model ¥r = Yi-1+¢=58¢, (5.2.5)

Y, =e,+(1-0)e,_+(1-0)e, ,+---+(1-08)e_,—0e_,, _, (5.2.6) Var(y,) = [1+6%+(1-8)%(1+m)]c? (5.2.7)

m—



1-86+6+(1-6)*(t+m—k)
[Var(Y,)Var(y,_)]'/2

5
R ek (5.2.8)

a/ t+m
~ 1

Corr(Y, Y, _,) =

for large m and moderate k

The IMA(2,2) Model Y, = 2Y, =Y, ,+e,-0j¢, | —0ye, , (52.9) V2Y, = ¢,-81¢,_ | —0s¢,_,
} t+m l e e
F =e,+ S we, —[(t + t 4
; ('+_,-‘i’1w"'_1 [(t+m )0, +(t+m)B,]e_, o
~(t+m+1)8e_, , where ;= 148+ (1 =6, =0)jforj=1,2,3, ., 1+m,
The ARI(1,1) Model Yi—Y,_y = ¢(¥,_, =Y, _5)+e, B2ID op ¥, = (1+9)Y,_,—¢Y,_,+e, (5.2.12)

where | < 1]

(1= px)(1—)(1+y x+y,x? +yx3 + ) = 1 or (1= (1 +0)x+dx2](1 +y x+w,x? +yxd+-0) = 1

—(I+d)+y, =0
- (I+d)y, +y, =0 and in general V& = (I+d)w | —ow, 5 fork=>2 (5:2.14) withy, = 1 and y, = | +¢.
k+1
v, = ‘—‘]ﬁ’T for k=1 (5.2.15)
(1 —¢l.\'—¢,.r3— o= OPXP)(1 = x)4(1 + \pl_\’+\|1,.\'2 Fyaxd + o)
= 5 . ¥ (5.2.13)

=(1- B e s T S SR

General ARIMA(p,d,q) (1=0y=tgr=Tx 07

Constant Terms in ARIMA Models

W=t = 0,(W,_ =)+ 0y(W, =)+ -+, (W,_,—p) W, = 80+&,W,_ | +6,W, 5+ +§,W,_

+"r_elel—l_elet—l_'”_eqcl—q or +‘I!"el‘)l—l_62‘11—2“"’”6(]‘)%:1
6
p=—0 (5.3.16) =
1-¢1—¢—---9, Oreoz PA—y =y —--—¢)) (3317

IMA(1, 1) ¢ase with @ constant term,
Y,=Y,_+8,+¢,—0¢,_, or W, = 8, +e¢,-0e,_,

Y, =e,+(1-8)¢,_+(1-8)e, 5+ - +(1-0)e_, —6e_, _

t t -1 -2 4 m— | (5.3.18) ) - o . - .

+(t+m+1)8;, with a linear deterministic time trend with slope =

X

!

Equivalently, the model can be expressed as AL TR By + ﬁl/ is an IMA(1,1) series with £(VY/) = 0 i?!l('J L(VY,) =By,

ARIMA(p,d,q) with constant terms: Y; = Y; + u, where u, is deterministic polynomial time trend of order d and Y is
ARIMA(p,d,q) with E[Y/] = 0.

CHAP 7 PARAMETER ESTIMATION
7.1 The Method of Moments

Model Parameter Estimates Estimating Equations

AR(1) ¢=r (7.11)

AR(2) b, = %;1;2) and ¢, = % 712) n=¢r+ngandr, =rip + ¢,

AR(p) solve for ¢; simultaneously using (7.1.3) P11+ npa+ Pzt =n
rid, + b+ 13+t dp, =1,




rp 1§ +1rp_dy +r5_3b3+ -+ bp = 1p (7.13)

MA(1) -1+ /1—4r2 - 4

0 = Tl (7.1.4) =12

1
ARMA(LL) | g == (1-69)(¢-6)
(1,1) [0) T1 (’7\.1.5) 209107 (7.1.6)

solve for 6 using (7.1.6) by retaining only

the invertible solution.
Model Estimates of the Noise Variances? Estimating Equations
AR(1) 62 =1 —1r)s? (7.1.8) Step 1. Estimate the process variance yo=Var(Ys) by

n
1 _
2 Y, —~Y 2
§7 = — ;( ~7)
Step 2. Equate relationship of parameters in chap 4 to s?
to solve for parameters.

AR(p) 62 =(1—iry — gory — - = Pp1y)s? (7.17) Same as above
MA(q) A2 _ s? Same as above

Oe = 1+03+02+ 402 (7.1.9)
ARMA(1,1) | ~2 _ _1-¢* Same as above

e = 20797 S (7.1.10)

7.2 Least Squares Estimation

Model Parameter Estimates Estimating Equations
AR(1) l [ . ,, ] Step 1. Minimize conditional Sum-of-Squares
Spe—— ol S <1 4 n
(n=1)(1=¢) =" "= ! ( = (Y:=n)= F s B
2 2 (7.2.3) S(o.n) = {:‘[.), w=-o(Y,_,-w]
Y e , =2
px——(¥-9¢Y) =}
-0 (7.2.4) Step 2. Solve for parameters.
S (Y- I)Y,_,-T)
3,17
AR(Z) f' ¥ (7.2.5) $S101.95Y) = i.llr' Y=o (Y, =Y)=dalY, s Ny
Other parameters by Yule-Walker equations - _ (7.26)
Yule-Walker equations
fl =9 +h@ (729)
2= ni%i+ e (7.2.10)
AR(p) =¥ (7.25) Similar to above
Other parameters by Yule-Walker equations
MA(1) e =1 ' §.(8) = Y(e,)? = Y[V, +8Y,_,+682Y, ,+6%, ;+.. ]
¢, = ¥, +6e (7.2.12)
€= Fy+8e, (7.2.14)
€ = YN+6€JJ—J{
MA(a) Similar to above. Recursively obtain = /% %20 8)
€ = Y + 5lt' + 8¢ & +6 €, _
From ‘ L A e (7.215)
ARMA(L,1) Similar to above. Recursively obtain ¢ = ¢/$.9)
From = Tim®hat 960 7547
S (6,8)= er
Minimize ° :: " to avoid start-up problem




ARMA(p,q) | Numerical Similar to above.
e, =Y -0Y -4Y ,--=¢)Y,
1 t =) a2 pte=2 p 1=y
+8e +8, +...+8c¢,
-1 S 2oy V9 (7.218)
withe, =€, = =€, 4 -g=0
7.3 Maximum Likelihood and Unconditional Least Squares
Model Parameter Estimates Estimating Equations
AR(1 N — &2 _ e?
@ Var(§) = 1= (2nol)2exp(- %)  for—oo <, < oo
no (749 ¢
(2mo2)~"D/2exp (- 534 ef) (31
Yio—u=¢(¥, -n)+e
Yo-u = O(F,—p)+eg 739
Fo—u=4(¥,_;-p) +e?h:
2 22 231724 L 7
Lit, p.o2) = (Zna2)7 31 - 42)! LXPJ:_EGES(D: p}:l (7.3.4)
Unconditional Sum-of-squares
Sid.u) = z (¥, -y =¥, =12+l —92)(¥, —pu) (7.3.5
S(¢. p) = S_(0, )+ (1 - &) )'l —u)? (738)
ae. u 7':| - - '—flu,\.-- an) - ';!Iu;«r:fw l‘lngl | -¢%) - < : 39(9. 1)
= £ 3 <0, (7.3.6)
AR(2) . 1-063 Similar to above
Var(§,) = Var($;) = - -
(.'l'lrie'l -‘:‘n::: _1 I:" = _'.'\l
(7.4.10)
MA(1) Var(B) < 1262 Similar to above
T 0 (7400
MA(2) T 63 Similar to above
ur-ﬁl»:: .lnt_'_,l‘; - =
(‘m‘nél. éy = : T';
' (7.4.12)
ARMA(1,1) S e [; [, ga]: Similar to above
Cm‘vnt:v ’E'I = .““l‘l = I‘):':f' !'— ”-
i (7.4.13)
7.4 Properties of the Estimates
Model Variance or Standard Errors of Estimates Remarks
AR(1) o e 32 For large Samples, Standard error of Estimates formula
ke LA™ i~ same for Method of Moments (MoM), Least Squares,
and MLE
AR(2) AL — Same as above
.,“’tli\lftnlh: ‘,'."(IIA";:I'\I: | -
v v - \ n
AR(p) 62 = (1= Piry — Pory — - = Pp1y)s? (7.17) Same as above
MA(1) oA 1 +824+ 46+ 65468 Method of Moments (MoM) is different from Least
Var(9)= 32 Squares and MLE
MoM: a(l-8%)" (7.4.14)
JVari 6' = _;'l -‘d.
MLE and LSE: o

7.5 Hlustrations of Parameter Estimation




7.6 Bootstrapping ARIMA Models

CHAP 8 MODEL DIAGNOSTICS

8.1 Residual Analysis

Model Residual = actual — predicted Residual autocorrelation
ARQ)with | 2, = v, §,¥,_ | —b,¥,_,-§, (8.12)
constant
mean Yr= ¢JYP—I+DEY,"—2+H|:|+EP (8.1.1)
ARMA(P.Q) | 2, = v, #,¥, | ~Ry¥, ,—R¥, 4— - (8.13)
¥ =m ¥, (+0.:¥,_4+03¥,_ 1+---+e, .
! -l 7 iai-2 7 iate-a " invertible form
AR(1) var(f )= 9; (8.1.5)
Var /-',\::I a ‘,.:m‘ for & I8.1.6)
AA T :
Corr(r |, rg)=—sign(0) -4 i' — for k> 1 (&L.T)
=l =0=)*—~
1 if >0
sign(p) =4 0 if § =0
-1 if $<0
AR(2) A 3
Var(r)x —
n (8.1.8)
L 03+ +6,)?
Var(r,)x ————
" (8.1.9)
, A |
Var(ry)~- fork=3
n (8.1.10)
Ljung_box Test: Q = n(#Z + 72 + -+ + 72 (8.1.11)
A2 A2 A2
Modified Box-Pierce, or Ljung-Box, statistic is given by Q* = n(n + 2) (% et ner) (8.1.12)

For large n, Q has an approximate chi-square distribution with K — p — q degrees of freedom.
8.2 Overfitting and Parameter Redundancy

Overfitting Strategy

The original (simpler) model will be confirmed if
1. the estimate of the additional parameter is not statistically different from zero, and

2. the estimates of parameters in common between considered models do not change significantly from the original estimates.

The implications for fitting and overfitting models are as follows:

1. Specify the original model carefully. If a simple model seems at all promising, check it out before trying a more complicated

model.
2. When overfitting, do not increase the orders of both the AR and MA parts of the model simultaneously.

CHAP 9 FORECASTING
9.1 Minimum Mean Square Error Forecasting

Y.(£) =E(Yer,|Y1,Y2, ....Y)  (9.1.1)
9.2 Deterministic Trends
Model Forecast(r>1) Forecast Error Forecast ErrorVariance

Y= W+ Xt, (9.2.1)
where E(X)=0

¥oie u
! Tr-1(9.2.2)

E(Yi,|Y1,Y2, ....Y) =

e() =Y

I I+

A

Vart efl))

ue= Pot Pat

(9.2.3)

Y &) = Bo+ Pyt +0)

£lf) = Xlr_lr
E((",(()) = E(X ) =l
[+¢

\'u/'l,\‘,ﬂ,) = To (9.2.4)




Forecasts are unbiased.

A

truncated linear process

I(o = Craet Vil 1 V2640 0t

\ 3 A
Yor = g, Y, ((=1)+9,Y ((-2) +

A
+ rhl,)‘,u p)+0,

E[e&)] = 0 foréz 1
e(6) = I,(£)

(9.3.37)

Seagonal model p=pu+ 12 Yi0)=m R o e ey = X.r“f Var(X, .0 =1 (9.2.4)
U=Pjj= mod(t,12) P , ,
j =12 if mod(t,12)=0 jr'l_|,:_'+j_'|}. E((r((” = E‘.\!+(’ =0
Forecasts are unbiased.
ine Trend model ity - X = v
Cosine Trend mode nl el =X, VartX, . ) = Yo (9.2.)
L1t =Bcos(2nft+)(3.3.4) I t Eed6)) = E(X. ) = 0
1= P1cos(2xft)+ Bosin(2nft) PN =R
(3.3.5) Forecasts are unbiased.
where B = /B? + B3
@ = atan(—B;/B1) (3.3.6)
conversely 31 = Bcos(P)
B, = -Psin(P) @37
9.3 ARIMA Forecasting
Model Forecast(¢ >1) Forecast Error Forecast Error
E(Yi |Y1,Y2, ....Y) el = ¥, = f 0 Variance
s t+e 1 Var(e,(¢))
AR(1) with nonzero mean i}glg = u+¢{1§(— ul ) (9-3]-6) ell) = e, 03.10) Var(e, (1)) = g2 (9.3.11)
, _ ; L (@) =p+o|li(t-1)—p ! ' 3. = [=2142 (931
i—p = 0¥, _j-n)+e, (9.3.7) E(ew1]Y1,Y2, ...,Yt) = E(ew+1)= 0 (9.35) var(e.(0)) [},;“’Z]Ue ©310)
9.31) | V(&) = u+ ¢°[V, —u] (9.3.8) aN . t( | Var(e.(?)) ~ — for large ¢
Since || <1 for large el = 'M"'t"_.“'_ (T S5 | 9317
v,(H)~u (9.3.9) (9.3.13) For large 2,
S (f) = , , Var(e,(£)) = Var(Y,) =
J.I.Ij] = *;+(‘+‘PJ‘;+{_]+U2*;H‘_3+ +L'c'—li-'+| (gag(ﬁ;)( )) ar(¥) Yo
(9.3.14)
Eledth =V Forecasts are unbiased.
A,RMA(P,q) = P = HGOl,- Y Y, ":3” = |';.:" U‘!'.‘-:‘- X Ul";»:‘—l'- ;“:'-i"" (Vg.réfsi(é’))):”3(1+¢12+¢%+"'+¢5—1)
Yiwr = GG Tortz] RGN, Vo Y =60 | (9.3.14) Var(e.(9)) = o¢ Xj=s ¥}
(9.3.35) 5

fore>1 (9.3.38)
For large ¢,

Var(e,()) = 62 X520 %7 = v,

)A',(() =Y, +6,¢ forex 1
(9.3.26)

-6,E(e ¥, Yo, .. X =e ,+ye +y,€ +o-+VY, € 9.3.39
R LIS forrz|(9_3_36) ; 1/|‘f:+z_1'|_ 1) 2 o) VAR LIVIRRA i WA (-1t ( )
asE, L et 72 !
- -é-y!..r_.' ..I' ¥ Y,
(9.3.28)
\ 0 forj>0
Ele,, |¥). ¥o oY) = _‘
‘ & %4y forj<0
(9.3.29)
ARMA(1,1) 1) = 6v,+8,-8e, 93.30)
f\'!lZ) = ¢)A’r(l')+6“
A T
Y(6) = Y (t-1)+8; tore22
(9.3.31)
'.;:[-.’ = u+3(|3'..—;. —:(_:c'. forex1
(9.3.32)
MA(L) Fil) = p=-0Ee)Y, ¥, ... ry el ) =41
(9.3.19)
Y, (1) = p-0Be, (9.321)
A
Y(6) = n foré= |
(9.3.22)
i i } . . o = 2% 12 = pg?
Random Walk with Drift Pi1) = ¥,+ 8630 e(1) =Y, V(1) =e,, éag(ze;)({’)) a2 Yiiy? = o}
=Y -0, + ¢ = 3.
= Yo+ 9% € 950 P = Pie—1yse, forex1 | OO = Cer1T 2T TEE L,
(9.3.25)




ARIMA(p,1,9) or

Y=o 1 +0,) ,+05), 5+

(9.2.1)

where E(X¢)= 0  Xq is white noise

ARIMA(p,d,q)

Var(e,(#)) = 62 2257

AR(1)

7
Var(e.(¥)) = [11 _(z)z ] o2

9.5 Forecasting lllustrations

9.6 Updating ARIMA Forecasts (Not on T162 Final!!l!)

}:+E+ l

A
)1+l(”

General updating equation:
9.7 Forecast Weights and Exponentially Weighted Moving Averages

o ; ,
Y (1) =mnY +n,Y, |

min{j.q)
5 8.7

! —_—
=y !

min(j, q)
N 87

T
= !

Cle+ D) +ye .

o O ; o
Vi@ =Y e+ ) +y [Y, =Y (1)]

'Ht}):

-2T(9.7.))

i+ 0 for 12j=p+d

_jforj=p+d

= Clt+)+e, ,  +WE,_ ,+Wa€, ,  + W

(9.6.1)

(9.7.2)

IMA(L1) my =60ny+1=1-6, m, =60m; = 6(1 —0), and generally, r; = Om;_; forj > 1.
m,=0"1(1-6) forj>1 (9.7.3)

P 1) = (1-8)Y,+(1-0)0Y,_, +(1—0)02Y,_,+

S Ho=(l-8)s8/""=
I i

v
) I

J=1

1
1

-6
-8

_:]

(9.7.4)

n-weights decrease exponentially

ARMA(p+1,9)
+q,Y, +Q. .17 \
‘C‘-a;f‘ |~E_\:' ) ~f|~?x" g
(9.3.40)
0, =1+4,0,=9¢-9 , forj=1L2 .p
0., =9,
(9.3.41)
ARMA(l’l’l) Fin = (I+9)Y o), _,+9,-3¢
Fi2) = (1+81F,(11-8Y,+8, |
and
Z"',Hn ={l etni\‘,jf— .|—(-f':!—3|+r3‘|
(9.3.42)
ARIMA(p,d,q) efO) =€, ,FVie, ,  FVae,, o+ Var(e,(£)) = 62 XiZ59? for
£>1 (9.3.45)
W, €y forez=1 (9.3.43)
E(e, (6)) = 0 forez 1 (9.3.44)
IMA(L,1) y;=1-6forj>1
IMA(2,2) v;=1+6,+(1-6,-86y)jforj=1
ARI(1,1) vi=(1— ¢t —¢)forjz 1
9.4 Prediction Limits
Model Forecast(r>1) Prediction Limits
B = Varie ()
E(Ye |Y1,Y2, ..., YY) Yotz . [Var(e(0) 042)
Deterministic Yt = pe + Xy ?r[‘) = My )/}’(() £ _a Z-V"lm (9.4.2)




A p
So, Y1) is Exponentially Weighted Moving Average.
f(1) = (1—eyy,+e¥, _ (1)

P =P (h+a-ey, -, _ (1]
9.8 Forecasting Transformed Series (Not on T162 Final!!!!)

(9.7.5)

(9.7.6)

Model Forecast(r>1)
E(Ye+,|Y1,Y2, ....YY)
IMA(1,1) v — ¥ _ o
Fil) = Y-8 951y Wil) =8¢, gg3
o o A
Y =YJ(-1) fore> 1 ©82) WO =0fore>1 g5y
W(1) = P(1)-¥,;:
) M
W(1) = —Be, ¢ 3 Y,(1) = ¥,-Be,
Log-Transformed series E(Y, JY.Y,_,...Y)2explE(Z JZ.Z,_,....Z))] 085)
012 0+ Lvarte 01|
e,\p~l Z )+2 arfel )]J»
: (9.8.6)
If Z, ~Normal, then Y; = exp(Z;) ~LogNormal

9.9 Summary of Forecasting with Certain ARIMA Models

e If 6, # 0, forecasts follow a
quadratic curve in ¢

e If 8, = 0, forecasts form a
straight line with slope of
(AR A

Model Forecast(r>1) Forecast Error Forecast Error Variance
E(Ye [Y1,Y2, ...,Yy)
AR(1 PPl 0 LA o b a aal-1 :l—¢3’
1) VA =u=o[Y (e-1)—p] forez| (’(()-t{+(+ottf(-l+ +4 €4 Vanelql))=c‘,]:l_¢:}
= ,"1’3'3{' }Vf_-'l" foriz1 "F‘,u = D'ii forj:- 0 Varie (#)) = fo 5 Yo, for large ¢
A 0-
Y, ()~ u forlarge ¢
MA(1) Y1) = n—se, el1) = e, cf fore = 1
o Var(e',(()) — i _—
Y (6) = p forl>1 e =¢,. ., 9., for ¢> 1 G (1 +67) fore>1
_[-8 forj =1
T l 0 forj>1
A A > ( = > R
IMA(LL) | P0 = Pe—1)+8,-0e, e() =€, ,+(1-0)e, , |+ Var(e,(€)) = c2[1 +(¢—1)(1-6)2]
with constant L e ! v
term@o A = T +60,— e, ) W, = 1—-86 fDT_fITi" 0
Pty = (1 -8)F = (1 -8)8Y,_ -+ (1-8)e,,, forez1 4
+(1-8)8%Y, _,+ -
(EWMA with 6, = 0)
e If 6, # 0, forecasts follow a
straight line with slope 6,
o If6, =0, T,(¢) =Y, — Be,
IMA(2,2) | ¢ty =2v v, -5 -8e-5.c vy, =1+6,+(1-6,-6,)j forj>0
R -1 e ST V2% J 2 1 2
with constant | i ‘ (9.9.5)
¥,(2) =-}J|-—},+Ul~—du'r
term 6 3 . i [
Vin =2V e-1-Yie-2)+8; fore>2]
(9.9.1)
Y (6) = A+Be+ f(z 9.92)
where
1= 2P, -P2)+0, 9.93)
8o 5 ;(_‘
i )»,l,.l—l,lll—_‘l“ (9.9.4)




e Forecasting special case with

0, =2wand 8, = —w?isa
Double Exponential Smoothing
with smoothing constant 1 — w

10.1 Seasonal ARIMA Models

CHAP 10 Seasonal Models

Model Char Polynomial Auto-correlation
MA(Q)s Vi = e — 0165 — O35 — O(x) =1—01x° = 0x* — = | ps =
e — @Qet_Qs (10.1.1) @QxQS (10.1.2) _@k+91@k+1'2"92§k+2+~;+OQ—k@Q
1405 +05++0%
for k=1,2,---,0(10.1.3)
AR(1)z Y; = &Y;_1, + e (10.1.4) Px = Ppy_1, for k=1
(10.1.5)
P1ok = DF fork =1,2,-
(10.1.6)
AR(P)s Y, = @Yo+ DY o + 0+ D(x) =1—Dx5 — Dyx25 —
®pY;_ps + e, (10.1.7) o — PpxPS (10.1.8)
AR(1)s prs = DX for k=12,
(10.1.9)

10.2 Multiplicative Seasonal ARMA Models

Model

Char Polynomial

Auto-correlation

MA(1)x(1)12

Y =e —0e_y —0Oe_1p +
00e,_,5 (10.2.1)

(1-6x)(1 - 6x'?)
1—0x —0x2 +00x13

Yo = (1 —605)(1+6%)0c? (1022

pP1 = (10.2.3)
_ _ 60
P11 = P13 = (1+62)(1+62)

¢]
P12 = —m (10.2.5)

1+62
(10.2.4)

ARMA(p,q)X(P,Q)s

AR char poly ¢(x)®(x) (10.2.6)
P(x) =1 —pix — ppx* — = px? }
D(x) =1— x5 — Dpx2 — o — PpxPs
MA char poly a(x)e(x) (10.2.7)
O(x) =1 —6;x — 0,x% — - — G,x1
0(x) =1—0,x5 — 0,x% — - — GQxQS}

(10.2.2)

(10.2.3)
(10.2.4)

ARMA(0,1)X(1,0)12

Y, =Y 1, +e —bey
(102.8)

Y1 =Py — 857 (10.2.9)
Vi = Pyr_1, for k=2 (10.2.10)

1+6%] ,
Yo = |7 "oz %

piox = P for k=1

6 K
P12k-1 = P12k+1 = (—th ) for k=0,1,2, )
(10.2.11)

10.3 Nonstationary Seasonal ARIMA Models

ViYe =Y, = Yi_s (1031)

Yt=St+et

(10.

32) S¢ = S5 + & (10.3.3)

white noise series. If g, << g, {S;} would model a slowly changing se asonal component.

MA(].)S . VSYt = St - St—S + e — €r_g = & + € — €¢_g (10.3.4)

Yt=Mt+St+et

(10.3.5)

St = Si_s + & (1036)

{e.}, {&:}, and {&;} are mutually independent white noise series.

My =M, 1+, (1037

e;}and {&;} are mutually independent
t t




ARMA(0,1)x(0,1)s :

VY, =V(My —M,_s+e+e—e—s) = te+e)—(gqterq)+ (s ters) tersg

ARMA(p!q)X(P!Q)S Wt = VdVSDYt

(10.3.9)

10.4 Model Specification, Fitting, and Checking: V;,VY; = e, —0e;_1 — Oe;_1, + 00e;_13

10.5 Forecasting Seasonal Models

(10.3.8)

(10.4.10)

Model

Forecast

Forecast Error
Variance "ere (i)

ARMA(0,1,1)x(1,0,1)12

Vi =Y =®Vqp —Yigs) + e, — Oy
—0Oe_1; +600¢e;_43

(10.5.1)

Vi =Yy — Y1y — PV, g3+ e, — Oy
—Oe,_1; +60e;_43

YD =Y, +®Y,_ gy — DY,y — e, —
Oe,_1; + 6064,

(10.5.3)

%,(2) = T,(1) + @Y,_1o — DY,_y; — Oe,_yo + 00,y

(10.5.4)

7,(1) = —0e;_1 + 6o
V(1) = —0er10+ 00 (19519
7,(12) = —0e, + 6, )

Y.(8) =6, for £>12 (105.13)

(10.5.2) 7.(0) = 0,(£ — 1) + 7,(¢ — 12) — @Y, (£ — 13)
for £> 13 (10.5.5)
AR(1)1 Y, = ®Y,_;, + e, (10.5.6) AGE ¢>11(7t+(1e —-12) (105.7) Var(e,(#)) = [1,::«2”] o2
Y(6) = Yy, 1y (1058) (10.5.10)
£=12k+r+1 with0<r<12andk =012, k i'm'egerpart of (£ = 1)/12.
b = {@1/12 for j = 0,12,24, -
/ 0 otherwise
(10.5.9)
MA(l)lz Y = e, — Oe,_q, + 6, (10.5.11) Yo =1, =—06,andp; =

0 otherwise

Var(et({’)) =

ol 1<¢<12
{(1 + 0%)c? 12< ¢
(10.5.14)

ARIMA(0,0,0)x(0,1,1)1

Y — Y1, = e, — Oe;_q, (10.5.15)
Yive = Yiroo12 t€rio — Oerip g
Inverted model version:
Yo = (1= 0)Yeoiz + OYps + 0%, 36+ ) + e

V(1) =Y,_qq — Oe,_qy

7.(2) = Yeo10 — @ec—ml (10.5.16)
7,(12) = Y, — Oe, )

Y,(&) =Y, (£ —12)for £>12  (10.5.17)

(1) =(1-0) Yi007Y11-12)

Y.(2)=(1-0) Yi007Y 10-12j

?t(lz) = (1 - 9) Z?:o ijt—lzj )
(10.5.18)

Y;=1-0 for j=12,24,-,
Var(e,(£)) = [1 + k(1 — ©)?]0?
(10.5.19)

where & 16 the integer pars of (¢ = 1012

ARIMA(0,1,1)x(0,1,1)12

Y=Y 1 +Y - Y13 te —bOe ;-
Oe;_1, + 00e,_15 (10.5.20)

?:(1) =Y+ Y =Y —
JAOEDACOED ARTED A

Oe, — Oe,_y; +600e;_1;,)
—0e;_19 +00e;_1;
— Oe, —H@etlf

+ 60e,

202 =%aD+Y  —Y,,

7,13) = .02+ %D - ¥,

(10.5.21)

V,() =V, - 1) + V(£ —12) + ¥, (£ — 13)

for £>13 (10.5.22)

Alternate forecast representation:

V,(£) = A, + A2 + 3%y B, cos (Zf—;[) +
Bysin (L) (105.23)

A's and B's are dependenton Y,,Y,_,,-, or,

determined from initial forecasts

Y, %), ¥,(13)

Prediction Limits: obtained precisely as in the nonseasonal case.




