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Instructions:
1. Write clearly and legibly. You may lose points for messy work.

2. Show all your work. No points for answers without justification !

Question # Grade Maximum Points
1 10
2 10
3 10
4 20
Total: 50




Exercise 1:
Let ¢ be a characteristic function of a given random variable X.

1- Prove that
Re<1 - z/)(t)> > iRe(l - w(Qt)>, t €R.

2- Deduce from equation (a) that

1= et <8 (1= 6] ) t € R



Exercise 2:
1- Let {N(t), t > 0} be a Poisson process with rate .

i)- Find E(N(2)).

ii)- Assume that A = 4. Compute: E(3N(2) —5N(4)).

2- Let X and Y be two random variables with a Poisson distributions with parameters \;
and Ay respectively. If X and Y are independent, find the distribution of the random variable
X+Y.



Exercise 3:

Let t§ < t7 < --- <" =T, where t? = iL, be a partition of the interval [0, 7] into n equal

parts. We denote by
Aj B = B(t,) — B(t})

the corresponding increments of the Brownian motion B(t).

Show that

lim (A"B)?* =T, in L*.

()



Exercise 4: I- Consider the standard Brownian motion {By, ¢t > 0}.

a)- Show whether or not V; = V/t By is a standard Brownian motion.
b)- Find E(| B; — B, |?).
—(z—iAt)2

¢)- Given that / e~ 2 dr =+V2wt, compute the characteristic function of B;.
R
d)- Deduce from c) E(B}).

I1- Give two major differences between the Riemann and Ito integrals.



