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Problem # 1. (5 marks) Let u(x, y, z) be the temperature at a point

X = (x, y, z) of the ball B2(0) =
{
X ∈ IR3 / x2 + y2 + z2 < 4

}
. If

{
∆u(x, y, z) = 0, in B2(0)
u(x, y, z) = x2 + y2 + z2 + z, on ∂B2(0),

1) find the temperature at the center: u(0)
2) find the quantity of heat q at the level {x2 + y2 + z2 = 1}, where
q =

∫
∂B1(0)

u(X)dSX
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Problem # 2. (5 marks) Let Ω be a bounded domain of IR2. Given the problem

⎧⎪⎨
⎪⎩

ut(x, y, t)− k∆u(x, y, t) + u2(x, y, t) = 0 in Ω× (0, T )
u = 0 on ∂Ω× [0, T ]
u(x, y, 0) = −x2 + xy − y2 in Ω

where k > 0. Show that

u(x, y, t) ≤ 0,∀(x, y, t) in Ω× (0, T ).
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Problem # 3. (10 marks) Find u(x, y, t), if u satisfies

{
ut(x, y, t)− 4∆u(x, y, t) + 2u(x, y, t) = 0 in IR2 × (0,+∞)
u(x, y, 0) = 2 + xy in IR2

Hint: you may consider v = ueαt, for an appropriate α.
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Problem # 4. (10 marks) Solve the problem

{
utt(x, y, z, t)−∆u(x, y, z, t) = 0 in IR3 × (0,+∞)
u(x, y, z, 0) = 2 + xz, ut(x, y, z, 0) = y2 in IR3
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Problem # 5. (5 marks) Use the energy method to show that the problem

⎧⎪⎨
⎪⎩

utt −∆u = f in Ω× (0,+∞)
u = g on ∂Ω× [0,+∞)
u(x, 0) = u0(x), ut(x, 0) = u1(x) in Ω

has at most one solution. Here Ω is a bounded and regular domain of IRn.
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