King Fahd University of Petroleum and Minerals
Department of Mathematics and Statistics

MATH 301 - Final Exam - Term 162

Duration: 180 minutes

Name: l<Q 4 ID Number: -\\/’\

Section Number: Serial Number:

Class Time: Instructor’s Name:
Instructions:

1. Calculators and Mobiles are not allowed.
2. Write legibly.
3. Show all your work. No points for answers without justification.

4. Make sure that you have total of 8 Questions.

Question { Points | Maximum
Number Points

1 12

2 15

3 20

4 15

5 20

6 20

7 20

8 18

Total 140
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1. [12 points] Consider the Sturm-Lioville problem:

2y + zy + 9\ y =0, l<z<e,

where the eigenvalues A > 0.

a) [6 points] Find the eigenvalues A > 0 and corresponding eigenfunctions of the
above problem.

b) [3 points] Put the differential equation in self-adjoint form.

¢) [3 points] Give an orthogonality relation.
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2. [15 points] Write the first three nonzero terms of the Fourier Legendre series of

f(z) = |zl -l<z<l
(Simplify your final answer as a polynomial of degree 4.)
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3. [20 points] Use separation of variables to solve the initial boundary value problem:

&y  Ou
0z  Ot’ 0<z<d,
u(0,t) =0, wu(l,t)=0, ¢t>0,

u(z,0) =2sin37z, O0<z<l1.
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4. a) A5 points] Find constants A4, such that u;(z,y) Z A, sinh ny sin nz is the
n=1
solution of the problem:

82 5] 82 Uy
Ox? Oy?

:07 z,Y € (0,7(),
u1(0,y) =0, wu(my)=0, ye(0mn),

u(z,0) =0, w(z,m)=1 z¢€(0,m).

Hint: Use the nonhomogenous boundary condition: u;(z,7) = 1.
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o0
b) [6 points] Find constants B, such that uy(z,y) = ZBn sinh nz sin ny is the
n=1
solution of the problem:
FPus  0%uy
Or? Oy?

= 07 z,y € (O,ﬂ'),
u2(0>y) = Oy 'U;Q(ﬂ',y) = 1, Y € (0’ 7I'),

us(z,0) =0, wug(x,m)=0, z€(0,m).
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c) [5 points] Use the solutions in parts a) and b) to find the solution of the problem:
0®u  0%u
W+6_y2.—0, CII,yE(O,W),
u(0,9) =0, wu(my)=1, ye0mnr),

u(z,0) =0, wu(z,m)=1, «€/(0,7).
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Pu 10ou O%u
— - — ==, O0<r<l, t >0,
8r2+r8r ot? r

5. [20 points] Consider a vibrating circular membrane governed by the problem

u(l,t)=0, t>0,

u(r,0) =0, w(r,0)=1, 0<r<l

Use separation of variables to find an expression for u(r,t)
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6. [20 points] Find the temperature u(r,6) in a sphere by solving the following
problem:

?u  20u  106° t 60
— - — —-—u+-c-o——u=0, 0<r<l1, 0<O<m,
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7. [20 points] Use the Laplace transform to solve the problem:

0w _ %y

%—ﬁ’ z >0, t>0

u(0,t) =1, Ili’rgo u(z,t) =0, t>0,

u(z,0) =e™*,  w(z,0)=0, z>0
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8. a) [10 points] Find the Fourier transform of

0 < -2
-1, -2<z<0
flz) = 1, 0<z<?2

0, zx>2
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(b) [8 points] Use the Fourier transform to solve the initial value problem:
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Formula Sheet for Math 301 Final Exam — 162

1. Two recurrence relations

d d '
P [z Jn(2)] = 2" Jn-1(2), iz [z (2)] = =27 Jnsa (@)
2. The Fourier Bessel series of f defined on the interval (0,b) is f(x z ¢;Jn(0yx), where
2

G =T fon(aix)f(ac)dx and «; are defined by | J,(ab) = 0}
b Jn+1( b) 0

3. The Fourier Bessel series of f defined on the interval (0,b) is f(z) = >_ ¢;Jn(cux), where
i=1

202

b
(3 = 2 —i—lhz)ﬂ( ) [ zJn(ciz) f(z)dz and o; are defined byl hJ,(ab) + abJ) (ab) = OJ.
i n\&b) o

C; =

4. The Fourier Bessel series of f defined on the interval (0,b) is f(z) = c; + Y ciJo(04x), where
=2
b

2 b
¢ = = ({mf(:v)dx, ¢ = EZT:](?_Q(—OZBS c{mjo(aim)f(x)d.r and o, are defined by | Jy(ab) = 0|,

5. The Fourier-Legendre series of f defined on the interval (—1,1) is

Z ¢nPu(z), where ¢, = 2"“ ff P.(z)dz. Py(z) = %(33:2— 1)

1
P3(z) = 5(5:1: —3z), Py(z) = —(3535 —~ 30z% + 3), Ps(z) = 5(631;5 ~ 70z% + 15z)

6. Fourier transform: F{f(z)} = f f(z)e**dz = F(a)
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10. Fourier cosine transform: F.{f(z)} =

f(z) cos(azx)dz = F(a)

11. Inverse Fourier cosine transform: F,}{F(a)} = 2 [ F(a) cos(az)da = f(x)
0
t
12. F{f"(z)} = —a?F(a) AND }‘{8 “(’” )} = —a?U(a, t)

13. Fo{f"(2)} = ~0?F(e) + af(0) AND fs{a U

} = —a?U(a,t) + au(0,t)

14. F{f"(z)} = —a?F(a) — f/(0) AND £, {a “uz, t)

} = —a?U(a,t) — ug(0,t)
15. L{f(U(t —a)} =e *L{f(t+a)}, E‘l{F(s)e““} = f(t—a)U(t - a)

16. L{y'(t)} = sY(s) —y(0), L{y"(t)} =s*Y(s) —sy(0) —y'(0)



