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Q1. Using the    definition, prove the statement lim
𝑥→−4

(1 − 3𝑥) = 13.

Soln: Find  such that |x-(-4)| = |x + 4| <  implies that 

|f(x) – 13| < . 

Step 1. Preliminary guess at . Here use |f(x) – 13| < . 
|(1 − 3𝑥) − 13| <  

|(1 − 3𝑥) − 13| = |−3𝑥 − 12| = |−3(𝑥 + 4)| =
|−3| ∙ |(𝑥 + 4)| = 3|(𝑥 + 4)|. 

Thus, 3|(𝑥 + 4)| <  ⟺ |(𝑥 + 4)| < /3.  

Step 2. Proof (show that  = /3 works). 

Given ε > 0, choose  = ε/3. If 0 < | x – (-4) | < , then 

 
|(1 − 3𝑥) − 13| = |−3𝑥 − 12| 

= |−3(𝑥 + 4)| = |−3| ∙ |(𝑥 + 4)| 

= 3|(𝑥 + 4)| <  3 = 3 (
𝜀

3
) = 𝜀. 

Thus, if  0 < | x – (-4) | < , then |(1 − 3𝑥) − 13| < . 

 So, by the definition of a limit, lim
𝑥→−4

(1 − 3𝑥) = 13.  

 

 

  

 

Q2. Find real  such that 𝑓(𝑥) = {
𝛼4 − 2𝑥2 𝑖𝑓 𝑥 ≤ 1

𝑥 − 2𝛼2 𝑖𝑓 𝑥 > 1
  is continuous.

Soln: to be continuous f(1) must be defined and the 

same as lim
𝑥→1

𝑓(𝑥). lim
𝑥→1

𝑓(𝑥) exists if we have 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥).   Thus, 

𝛼4 − 2(1)2 = (1) − 2𝛼2 

𝛼4 − 3 + 2𝛼2 = 0 

 (𝛼2 − 1)(𝛼2 + 3) = 0 

𝛼2 = 1 𝑜𝑟 𝛼2 = −3 

So 𝛼 = ±1 and 𝛼 = ±√−3 but only 𝛼 = ±1 will be 

acceptable for continuity. 
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Q1. Using the    definition, prove the statement lim
𝑥→−5

(1 − 3𝑥) = 16.

Soln: Find  such that |x-(-5)| = |x + 5|  <  implies that 

|f(x) – 16| < . 

Step 1. Preliminary guess at . Here use |f(x) – 16| < . 
|(1 − 3𝑥) − 16| <  

|(1 − 3𝑥) − 16| = |−3𝑥 − 15| = |−3(𝑥 + 5)| =
|−3| ∙ |(𝑥 + 5)| = 3|(𝑥 + 5)|. 

Thus, 3|(𝑥 + 5)| <  ⟺ |(𝑥 + 5)| < /3.  

Step 2. Proof (show that  = /3 works). 

Given ε > 0, choose  = ε/3. If 0 < | x – (-5) | < , then 

 
|(1 − 3𝑥) − 16| = |−3𝑥 − 15| 

= |−3(𝑥 + 5)| = |−3| ∙ |(𝑥 + 5)| 

= 3|(𝑥 + 5)| <  3 = 3 (
𝜀

3
) = 𝜀. 

Thus, if  0 < | x – (-5) | < , then |(1 − 3𝑥) − 16| < . 

 So, by the definition of a limit, lim
𝑥→−5

(1 − 3𝑥) = 16.  

 

 

  

 

Q2. Find real  such that 𝑓(𝑥) = {
𝛼4 − 8𝑥2 𝑖𝑓 𝑥 ≤ 1/2

2𝑥 + 2𝛼2 𝑖𝑓 𝑥 > 1/2
  is continuous.

Soln: to be continuous f(1/2) must be defined and the 

same as lim
𝑥→1/2

𝑓(𝑥). lim
𝑥→1/2

𝑓(𝑥) exists if we have 

lim
𝑥→1/2−

𝑓(𝑥) = lim
𝑥→1/2+

𝑓(𝑥).   Thus, 

𝛼4 − 8 (
1

2
)

2

= 2 (
1

2
) + 2𝛼2 

𝛼4 − 2 − 1 − 2𝛼2 = 0 

(𝛼2 + 1)(𝛼2 − 3) = 0 

𝛼2 = −1 𝑎𝑛𝑑 𝛼2 = 3 

So 𝛼 = ±√−1 𝑜𝑟 𝛼 = ±√3  but only 𝛼 = ±√3 are 

acceptable for continuity. 

 

 

 

 

 

 

 

 


