King Fahd University of Petroleum and Minerals
Department of Mathematics & Statistics
Math 431 Midterm Exam, Term 161
Duration: 120 minutes

Definition.  A system  of subsets of nonempty set  is called a -algebra in  if:
(i) 
(ii) 
(iii) 

Definition. Let  be a measurable space.  A mapping  which to every  assigns a number , including , is called a measure, if  and  is -additive.

Definition. Let  be measurable.  The integral of  w.r.t. the measure  is defined as

Definition. Let  be a measure on .  A measurable function  is called integrable if 

**************************************************************************
1) Show that

is a -algebra in .  Could  be the largest -algebra?  If not, what is the largest -algebra?
2) Let  denote the Borel -algebra of .  Let  denote the -algebra generated by the system of all half-open intervals .  Compare  and .  Justify.
3) Consider the function , .  What are the points of discontinuity of ? Is  measurable?  Justify.
4) Let .  Why  is a -null set, where  is the Lebesgue measure?
5) Use the Monotone Convergence Theorem to prove that for arbitrary measurable functions , 

6) Is  integrable on ?  Justify.
7) Let  be a measurable function such that  is integrable on .  Use Hölder inequality to show that  is integrable on .
8) Show directly from the definition that the function  is Lebesgue integrable in .  Find the value of the Lebesgue integral of  in .  Is this function Riemann integrable? Justify.
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