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Exercise 1 (12 pts).

(1) Explain why 9 ≡ 2 (mod 7) and 4 ≡ −3 (mod 7).

(2) Show that for each integer n ≥ 0, 32n+1 + 2n+2 is divisible by 7.

(3) If today is Saturday, then what day will be after (32017 + 21010 + 2) days?
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Exercise 2 (10 pts). Let x ∈ R. Show that:

(1) If

∣∣∣∣ sinx

x2 − x+ 1

∣∣∣∣ > 2, then ex > 2016.

(2) If | x− 1 |< 2017, then
e−x2

x2 − 2x+ 5/4
≤ 4.
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Exercise 3 (12 pts). Let a1, a2, b1, b2 ∈ R.

(i) Show that if a1 ≥ a2 and b1 ≥ b2, then

a1b1 + a2b2 ≥ a1b2 + a2b1.

(ii) Show that for all real numbers α, β, we have

α2 + β2 ≥ 2αβ.

(iii) Use the result of (i) to show that for all real numbers α, β, we have

α2 + β2 ≥ 2αβ.
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Exercise 4 (8 pts). Show that if n is not divisible by 3, then n2 + 2 is divisible by

3.
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Exercise 5 (12 pts). Let a ∈ Z. Show that if a is a perfect square(i.e., there is

a ∈ Z, such that a = b2), then a 6≡ 2 (mod 4).
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Exercise 6 (8 pts). Let P1, P2, . . . Pn and Q be statements. Show that:

[(P1 ∨ P2, . . . ∨ Pn) −→ Q] ≡ [(P1 −→ Q) ∧ (P2 −→ Q) ∧ . . . ∧ (Pn −→ Q)].
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Exercise 7 (38 pts). For P,Q statements, we denote by P ⊕ Q the statement

(P ∨Q) ∧ P ∧Q. Show that the following properties hold:

(1) P ⊕Q ≡ (P ∧Q) ∨ (Q ∧ P ).

(2) P ⊕Q ≡ (P ←→ Q).

(3) P ⊕Q ≡ P ⊕Q.

(4) If C is a contradiction, then P ⊕ C ≡ P and P ⊕ P ≡ C.

(5) (P ⊕Q)⊕R ≡ P ⊕ (Q⊕R).

(6) (P ⊕Q) ∧R ≡ (P ∧R)⊕ (Q ∧R).
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Use the results of the previous questions (5) and (6) to show that, if A,B

are subsets of a universal set U , then we have:

(7) (A∆B)∆C = A∆(B∆C).

(8) (A∆B) ∩ C = (A ∩ C)∆(B ∩ C).


