Formula for AS381 Actuarial Contingencies I

Chap 1 Economics of Insurance
1.3 Utility theory: when does potential customer prefer insurance policy?

indifference prefers insurance policy avoids insurance policy
if ulw—G)=FElulw—-X)] | if ulw—G)> Elu(w—X)] | if u(w—G) < Elu(w — X)]
Pure premium: E[X] = p =Premium Loaded premium: H=(1+a)p+c a>0,¢>0

1.5 Optimal Insurance: Theorem 1.5.1
If a decision maker (1) has wealth amount w, (2) is risk averse [i.e. u(w) such that v’ (w) < 0],
(3) faces a random loss X, (4) will spend P on insurance, and (5) the insurance market offers all feasible contract
of the form I(x), 0 < I(x) < z, with E[I(X)] = 8 for a price of P, then the decision maker’s expected utility
0 x <d*
{ Tz —d* x> d*
where d* is the solution of 8 — [ (z — d) f(z)dz =0 (or equivalently 3 — [[°[1 — F(z)]dz = 0).
Chap 2 Individual Risk Models for a Short Term
2.2 Models for claim Random Variables

will be maximized by purchasing an insurance policy I(z) =

X =1IB (2.2.6) E[X]=E[E(X|])] (2.2.12) Var(X) = Var(E[X|I]) + E[Var(X|I)] (2.2.13)
2.3 Sum of Independent Claims Random Variable Fs(s)=Pr(S<s)=Pr(X+Y <5s) (2.3.1)
a) Discrete Convolution b) Continuous Convolution
s = Sy =PI X <5 gV =g Pr(V =3)  (232) | Fs(3) = fs P =5 4l = v )y 257)
Fa(s) = Sany < Fx - ) (233) e = G-l Wdy (235
fs(8) =D auy < [x(s —v)fy(y)  (234) = Jo Ix(s—y)fy(ydy  (2:3.7)
¢) nt" convolution, F™): [terative formula: F) = Fy« F(N) = Fy % Fl, F(3) =F3«F® ... F) =F s Fh-1)
d) Convolution method- Moment Generating Function (mgf)
Ms(t) = Elet¥] = Ble!XitXet4Xn)) = pletX1etXzetXn] (2.3.8)
for Independent X;: Mg(t) = E[e!X1]E[e!X2] - - - Elet®n] = Mx, (t)Mx,(t)Mx, (t) (2.3.9)

2.5 Application (of Approximations of the Distribution of Sum) to Insurance
IfS=X;+ X5+ -+ X, where X are independent r.v. then

E[S)=Y,_, E[X}] and Var(S) =>_}_, Var(X) and the Central Limit Theorem (CLT) can be applied.
Stop-loss insurance claim under CLT:
(z—p)? exp(752/2)
T

Chapter 3 (a) Survival Distributions
3.2.1 Relations between f(x), F(z) and S(z): S(x)=1- F( )
fl@)=LF(x)=—-45(@) (LIMLC)  S(z)=Pr(X >z)= [~ fo(t)dt =1— [ f(t)dt  (1.2MLC or 3.2.2)
Pr(a < X <b) = [* f(t)dt = Fo(b) — Fy(a) = S(a) — S(b)  (1L3MLC)
3.2 Future Lifetime Random Variable T'(x)
=+t P0 S(z+1)

Survival Function for the Future Lifetime Random Variable Py == =3 @ (3.2.8)
2P0 T
3.2.2 Actuarial Notation: Relations between ¢p, , 1. and 4},q.
S t
e =1—4p,=1— (;(;)) (1.5MLC or 3.2.9) ttuDe = tPx Xu Dott (1.6MLC or 3.4.2)
Se+t)—Sx+t+u
t\qu =t+u 9z~ t9z = tPz— t+uPz = tPz X uwldz+t = ( ) S(Z'() ) (17MLC or 3.2.10 &327)

3.2.3 Curtate Future Lifetime Random Variable K (x)
Probability Mass Function for K (z) : Pr(K(z) =k) = rPs X Qoik = )10z =k| Q= k=0,1,2,-- (1.8MLC or 3.2.11)

3.2.4 Force of Mortality (failure/hazard rate) p(x+1t) = . f(;(: i) ) =— gg I g (1.10MLC or 3.2.13)
onships: _Se+t) _ S(z+1) B
Relationships: ;p, = S@ ( fo z+u du) (3.2.15) fu(x +1t) = W,u(x +t) = e plz+1t) (3.2.18)

Chapter 3 (b) LifeTable: [j = total number from a group of newborns
3.3.Life Table Function: [, =1pS(z) =1y — Zz;é dy =lg—1pz—1=1lo (pr> (3.3.1, 3.4.1, and 3.4.2)
— et

_SEtt) et _S@) =S@+t)  ede Loyt
o= gy = 1 (2IMLC) g, = o) == t=1 B (2.3MLC)




S(x) 1 dl,

2.2ML .3.2, and 3.3. =— =
( C or 3.3.2, and 3.3.7) () S I de

e = [ Lyn(y)dy = Lo — Love
3.5 Moments of future Lifetime Random Variables
Moments Continuous (of T'(z)) Discrete of K (x)
1st ¢, = E[T(z)] = [° po dt  (2.6MLC or 3.5.2) er = wpe.  (2.9MLC or 3.5.7)
k=1
2nd E[T(x))] =2 [t o dt (2.7MLC or 3.5.3) | E[K(z)?] = > (2k — 1)gps.  (2.10MLC or 3.5.9)
temporary Caim) = Iy 1pe dt (2.8MLC) exm = ). kP (2.11MLC)
k=1
Recursion ey = f01 Da dt + Palain er = pe(l+epit). (2.12MLC)
3.6 Key Equation for Fractional Age Assumptions (for 0<r <1, 0<y<1l, 0<y<1l-—r7)
Assumption rdz lfrqw+r me+7‘ /~L(m + T) rPx rpxﬂ(x + T)
1-— -
UDD Tqx w & I 1- T4z 9z
1—1rq, 1—1rq, 1—rq,
Constant Force 1— (pz)” 1— (p)t—" 1— (p2)Y —1Inp, (pz)" —(ps)" Inp,
. Tqx Ydx qx Dz dzPx
Hyperbolic —_— 1-7)g
1-(1-r)ge ( ) 1-(l-y-—r)g |[1-(0-7)¢ | 1-(1-7)q [1—(1—7“)(]95]2
For UDD: ¢, = e, +4  (2.13MLC)
3.7 Analytical Laws (simpler alternative to Life Table)
Originator w(zx) S(x) tDa Restrictions
1 t
DeMoivre (1729) 1-Z 1- 0<z<w
w—=z = w w—z
Gompertz (1825) Bc® exp[——(c® — 1)] exp |——c%(ct — 1) B>0,¢>1,2>0
Inc Inc
B B
Makeham (1860) | A+ Bc® | exp[—Ax — l—(cw —1)] | exp ‘—At - l—cf”(ct -1) like Gompertz & A > —B
nc nc
X k (xn-l-l _ (CE + t)n+1>
ibull (1 kc® - nr k 1, >
Weibull (1939) c exp| it ] exp i >0,n>12>0
, . <(gwtt T, Ua) gt
3.8 Select and Ultimate Life Tables: g, Pl = —————
Q[ I+t { = qx+t t 2 r tp[ I+3 l[a;]-i—j
Chapter 4 Life Insurance
(4.2.1) Present value random variable Zp = bpor (4.2.2)

Present value (PV) function Z; = bsv;
4.2.4 Non-level (Varying)Benefit Insurances (Continuous or payable at the moment of death)
APV Formula for E(Z)

Policy

Continuously increasing whole life (I A = [t ipop(x + t)dt
= [, [t + 1] v ipoplx + t)dt

Annually increasing whole life
Continuously increasing n-year term (I A = fo tot ypep(z + t)dt
Annually increasing n-year term (IA = fo [t + 1] vt pep(x + t)dt
(}Zx)m = (TA), _+nA .

Continuously increasing n-year endowment

(DA), _ = [y (n—1)v" ipapul(w +t)dt
(DZ)%: 1~ Jo y (= [t pep(z + t)dt

Annually increasing n-year endowment

Continuously decreasing n-year term

Annually decreasing n-year term

4.2.1 Level Benefit Insurances (Continuous or payable at the moment of death)
Policy Actuarial PV (APV) Formula for E(Z) | E(Z?) Var(Z)
Whole life = [ ot pop(z + t)dt 4, 4, - (4,)°
n-year term life Zglc - fo vt pep(x + t)dt (4.2.3) QZé:m QZ;:m — (Z%:W)Q
n-year pure endowment Aml: = 0" Ps (4.2.9) 2Ax:711,'| V2" 1P X e
n-year endowment Apm = Al — A i o | Ao — (As m)Q
n-year deferred whole life n|As = f:o vhpep(z + t)dt i‘Zz %‘Zz - (,L,sz




4.3 Insurances Payable at the End of the Year of Death (Discrete) Insurances

Policy APV Formula for E(Z) E(Z?) Var(Z)
Whole life Ay = SR 1oy o 24, 24, — (A,)°
k=0
n—1 2
n-year term life A%j kgoka kDPz Qu+k QA}Cj QA%:m - (A%:m
n-year endowment Apm = Aglmm + Ax:'llﬂ 2 A | 2Apin — (Ap)”
n-year deferred whole life n|Ae = k; VR iy ok $L|A‘7" %‘A_,,; (n‘Am)2
Annually increasing whole life (IA), = > (k+ 1)v** 1pe quys E(Z?) | Use 1st principles
k=0
n—1
Annually increasing n-year term life (IA), . = Y (k+ 1) yp, qeyr | BE(Z?%) | Use 1st principles
xrn k 0
Annually increasing n-year endowment (IA)pm = (IA), 1t nA s E(Z?) | Use 1st principles
n—1
Annually decreasing n-year term life | (DA), . 3o (n—k)o*H ype queyr | BE(Z%) | Use 1st principles
xrn kzo
4.4 Relations Between Level-Benefit Policies
Benefits Payment Structure
Level Benefit Policy Continuous Discrete m—thly
E1) n-year endowment Ay = A1 +A | A = A1 —|—A . A A(lm) LA,
z:n] ] zn| 2.7 z:n]
E2) n-year term - 0 — . (m) (m) (m)
+ n-year deferred whole life Az = A%:m * oo Ar = Aé:m toade | AT = Az:m oA

E3) n-year deferred whole life= present = — on (m) _ n (m)
value of whole life purchased at = +n nfde =V ape Avpn | njAe = 0" aPr Aupn | 0 de = 0" ape Ay

Relating mthly and discrete (annual) insurances

Policy UDD Accelerated Claims
Level-benefit whole life AT — (;) A, AT = (144) % A,
Level-benefit n-year term life AE";) = L(m> Ay Lo A(”;) (1+i) = A‘%'m
Annually increasing whole life (TAM), = -1 (TA), (TAM), = (1+i) %= (IA),
: : : m i m N
Annually increasing n-year term life | (IA( ))%:m = o (IA)z:m (TAC ))é:m =(1+13)=m (IA)é:m
Recursions
Policy Recursion Starting values
Level-benefit whole life Ap = vqy + P Ay A, =0.
Level-benefit n-year term life A.%:: = vq, + vpzA L Aé:m =0.
Level-benefit n-year endowment Apim = vy + vpz A, =y Ay:m =1.
Annually increasing whole life (IA)y = vqy +vpy [(TA)gy1 + Asta] (IA), =
Annually increasing n-year term life (IA)i = Ve VD ((IA) i “ R (IA);J:m =0.
Annually decreasing n-year term life (DA )l_m = vng, + vp:(DA) . o (DA);/:m

4.4 Relating continuous and discrete (annual) insurances

Note: 6 =In(1 + 1)

Policy UDD Accelerated Claims 2nd Moments (UDD)
— ' — — 2+
Level-benefit whole life A, = %Aw A, = (1414)1/24, 1, - U 2; D2y,
Level-benefit - i - 172 o (241) ,
n-year term life w9 am Aizm =(1+19) Aalzzm w94 A%:m
Annually increasin, — 1 — ) — 1(2+1)
whole life Sl e =50A). | (A)e= (14020, | 2 (TA) = S 2T
Annually increasing — i — B N1/2 PR _i(2+1) ,
n-year term life (IA)i:m - 5(IA)%:m (IA)glc:m =(L+19) (IA)glc:m (IA)i:m -9 (IA)al::m
Chapter 5 Life Annuities (Payments while (z) survives)
AS201 formula:  dggq) = #, ) = 1—” = “f)i

Continuous Life Annuities




Policy Formula(s) for E(Y) Var(Y)
T /o — 2
1-4 5 (.- (A)%)
Whole life Uy = fooo vt pedt or Gy = 3 z §° ,
or = (@ — %a.) — (@)
t — Mmoot dt _ - 1 7Z$:ﬁ\ 1 2Z Z 2
n-year temporary Qg:n] = fo V" P AL OF Gy = T 52 T T ( $:m)
- Use first principles
h-year deferred Ty = vl ypedt 2 _ _ _\2
Y RS fh the gvzh ‘h Pz (az+h -2 flm+h) - (h|am)
n-year certain and life U7 = Omt n|0z Use first principles
Continuously increasing .\ (oo, ¢ . . e
whole life (Ia), = [, tv' ypadt Use first principles
Continuously increasing - g .
n-year temporary (I1@) ym = fo tv' ipydt Use first principles
Discrete Life Annuities (Due)
Policy Formula(s) for E(Y) Var(Y)
o0
Whole life Gy = ;;o”k }Py OF Gy = 1= & (24, — A2)
. = . 1-A_ . Gy
n-year temporary g = 0" 1Py OF g = — 1 | 5 (PApmm — A2 ) | e = "EEm
k=0 ntiz
00 n—1 lz+k’
h-year deferred h|lz = nBylein = ) vF Lpe Use first principles =Y ok i
k=n k=0 T
n-year certain and life gz = dm+ n)da Use first principles Note: d = v
Continuously increasing = b . . TR
whole life (Id), = kZ::O(k + 1)v" kp, Use first principles
Continuously increasing .. . n_l L ] .
n-year temporary (18)pm = kgo(k + 1)v" p, Use first principles
Relations with Various Life Insurance Policies
Life Insurance Policy | At moment of death | End of year of Death
Whole life 1=46a, + A, 1=di, + A,
1 =26a,+ 2A, Az = viy — ag
Endowment 1 = 08pm + Az 1 =digm+ Az
1 = 2($E_Lm+ QAI:m A_Lm = ’Udl-:m — a$:m
n-yr term A%:m = Vg — Qg
Relations between Various Life Annuities
Life Annuities Equation 1 Equation 2
Continuous Uy = Qg+ n|0x 0@z = V" nPaluin
Discrete (due) Qg = dpit n|la n|le = V" yPrlein
Discrete (immediate) Ay = Azt n|0z n|Gs = V" nPrlsin
mthly (due) il =a "y alm |l = o pealh
mthly (immediate) al™ = ai,i%)‘—k n|a§cm) n‘a:(cm) =" npxai'ﬁn
Recursions for Life Annuities
Policy Recursion Starting values
Whole life Gy =14 vDplipyr i, = 0.
n-year temporary | Gqpm = 1+ Upmdw+1:m dy:(TI =0.
Policy Whole life n-year temporary n-year deferred
Life Annuities Immediate | a; = d; — 1 | Gpm) = o — 1+ 0B | 0|0z = n)da— B
Approximating mthly life annuities using the UDD assumption
AS201 relationship: (1 +1i) = (1 —d)~ "= (1 +i"™/m)™ = (1 —d™ /m)~™, d=iv
Policy Approximation Formula lim
M — 00
. (m) _ . _id  (m).u(m) _d
Whole life ay | = a(m)i, — B(m) a(oo) = 2 a(m) = 5107 = g
. (m) _ . (00) _ - _ L rm _ i
n-year temporary | d .5 = a(m)izm— B(m) (1 — nEy) | dym = aw:mo B(m) = o) (sﬂ - ) = g
n-year deferred n|dg'"’) = a(m), i, — B(m) nE, B(o0) = %

Approzimation Formula



Policy Bower’s formula Woolhouse’s formula
Whole life af(g ) = Gy = =5 agc ) = e — —5 Tom2 (6 + py)
m -1
n-year temporary d(x:ﬁ)‘ (g1 mgi (1 =" upz)
m°—1
12m2 (5 + Hy — V" pPx (5 + /Lm—&-n))
m) _ . om—1 m’—1
n-year deferred n|Gz " =n| Gz — nPr = 55 U nPs (5 + ,U“,T,J,-n)
Plans with Apportionable Annuities Formula
o I Y S
Annuities-due Yearly 4z’ = Eliq| = F [gaﬂ] = s
o gm} _ a4 (11 __9 .
mthly Annuities-due (Under UDD) dy = dg 7o) (6 pe) A, = FeD) Ty
m m ) 1 1
Complete Annuities-immediate (Under UDD) & = o™ 4 ,(,Z 3 <d() - 6> A,
1 m m
Chapter 6 Benefit Premium Calculation
Premium Determination Principles
Insurance Plan Principle I Principle 2 Principle 3
Idea P = minimum annual premium u(x) = linear u(z) = exponential
so thatP(L(t) > 0) < « E[L]=0 risk averse
Formula P(T <ty =« P = EbrT]/E[Y] u(x) = Efu(L)]

6.2 Benefit Premium and the Equivalence Principle

Insurance Plan Fully Continuous Fully Discrete
Whole life - — A JA A dA,
P == = = P(A)=—"2=
( I) aa; 1—AI ( I) d.’L‘ 1_A1:
n — year term — Zl. Aon
Y P(Al )zf’”” P(Ali ): o]
zin] gx:n'\ ] Gg:n]
— f— A, e l'l ..,l'l
n — year pure endowment P (A 1 ) === P (A 1 > ===
z:n| Ag:n) z:n| g:n]
n — year endowment sz 521 n Aw,,q dAg.n
P,)= o= e | pa, )= 2o = M
z:n] 1-— ein] Qy:n) xn]
m — payment whole life P(A)= A, P(A) = A,
’ [ ’ -
m — payment n — year term — Zl. A;.n
Py Y mP (A1 ) = 7‘%"”] mP (Al ) - : —I
z:n] ax:m] z:n] aat:m'\
m-payment n-year endowment — A A Am.h
pay Y P(A1>:7m.n"| ,,LP(Al):..']
m z:n Qg:m] zin] Ag:m]
A A Ea:—i-m A 1 dw—i—’m,
m-year deferred whole life annuity P (m@z) = zgﬂ P (m|&z) = I'gﬂ
z:m] z:m]
Fully Continuous Benefit Premium Fully Discrete Benefit Premium
- /T Zmn] (;Zmn-\ 1 Am;n'\ dAmn] 1
n-year Endowment of 1 | P (AM]) = — = = = — =0 | Ppn) = = = = = —d
o Qg:n) 1-— Amn] Qg:n) Qg:n 1- Arn] Qg:n)
Relation between Term, Pure Endowment and Endowment Insurance Ppny = ”’Pglc - + th_ A




Plan Var(oL) where S=sum insured (i.e., by = 5)
2, _
Fully continuous whole life (S + %) (QA,,,; — Ai)
Fully continuous T2 [o— — 2
n-year endowment (S + E) [ Ain) = (Ao }
Fully continuous n-year term | S2 <2A:1mﬂ — (Ai:nw)2> + (%)2 [2Az n] (Az M)z} + 25% (2Ai n] — A, ,ﬂzz n])
Fully continuous N — 2 T\ 2 [y~ — 21 28T (50— - =
n-year pure endowment s < A;mlﬂ B (AI:}”) ) T (5) [ Agin) = (Aain) ] T ( Aw:,,lﬂ - Aw:;ﬂ A;L':n])
2
Fully discrete whole life (S + g) (2A, — A2)
Fully discrete T\ 2 [~ — 2
n-year endowment (S + E) [ i ), }
Fully discrete n-year term S? <2Az im] — (Aimoz) + (%) [ Ay — (Ap ”W)Q} + QSTW (QAi n] — Zi MZT ,L])
Fully discrete — — 2 TN\ 2 [)— 2 257 (o— - —
n-year pure endowment 5? <2Az:rlﬂ B (Awwlﬂ) ) + (8) [2Aw"ﬂ ~ (Ae) ] + d (2Aw nl Awﬂlﬂ A "])

Percentile Premium for Insurance Payable at:
a) end of year (Fully Discrete): Find integer r such that ,q, < a < ,11¢,
b) the Moment of Death: Smallest premium so that Pr(oL > 0) < a <= Pr(T <t,) =a — 1, ¢ = a.

where S=sum insured (i.e., by = 5) Discrete Continuous
Type of Plan nde SO | nQe >0 | nQe < Q| pQz >«
Whole life m 5 — 5 ,i ,i
SOEST SOESTY 5ta] 5ta]
n-year term 0 - 0 -—
Sm Sta‘l
S S S S
n-year endowment — - _— —
al SCESTN 5] 5ta]
Apportionable Premiums [policies with Premium Refunds(PR)]
mthly apportlonable premium yearly apportionable premium
Am ] _ d<">A A A, _d o

Ay h]

Difference: P (Az ) =, Pim} (Az) —n pim) (4)

p(ar) - PO E—A] o

Siyg

|
SN—"
2N
SO}

I
@:‘Q\
s |8
Ne——

Chapter 7 Benefit Reserves
12 _

A, A, N N
Varl,L|IT(z) > ] = {1+ P(ﬁ] Varl™® - T(z) > t] = {H P((;)] PAuys — (Ase)?)

: Liog | HPEAD]Y 1 L [wP@)
) = (oy + P (4, ))(1—FT(x>(t))f ($)< 7o 6+P(4,) _(6y+P(A£))fT($)< *l5+P(A) >
Fo(y) = Pr(LIT(z) > t) = Pr(T(z) >t —(1/6) Erg({T[(zy; t)(AT)VDJrP (4.)1)
L= Fry(t— (1/5){1og[5y+P( I/ +P (A L P(A)

=1— Fr( t—1lo

Fully Continuous Benefit Reserves to (w) with unit benefit for duration ¢



Insurance Plan

Prospective Formula

n-year term Ins

n-year endowment Ins

h-payment whole
life Ins

h-payment n — year
endowment Ins

n-year pure
endowment Ins

Whole life annuity

fl
= Jf+t n— t‘l ( W)a/il%‘rt n—t] t<n
_ 0_ t=mn
_ ;z;+t n—t] — (A )aflﬂrt:nfﬂ t<n
1V(Aq) Avtri = (A )aw+th q t<h
Azt t>h
_ z+tn t] — hP(Am 71])@I+t:h—ﬂ t<h<n
Am 'ﬂ-‘ $+t.n t—l h < t < n
1 t=n
a:+t n— t] (AT }L ‘|> d-t-‘rt:n—ﬂ t<n
1 t=n
V(na n—t|Qatt = P( Ial) Qpitn—t] TSN
t n| w aI+t .

Alternative Formula | n — year endowment ;V (A,.,7) whole life insurance ;V (A,)
1 S50 A 1 57 A 79: Az - Aa:
Prospective = A:0+t:n7t"| - P(Am:n-\)aert:nft] Aa:+t - P(Az)errt =1- ac_L+t = 1+t A
i — A
o [P(Ari) = P(Agon)]
Premium-difference = [P(AJ:_H n—t]) — P(A, 1)} At tin—t) ___
( :H-t) +9
P(A,.07) _ P(A,) ] -
Paid-up i =|1—- =——— Apiton =|1—- == A,
aid-up insurance { [P T4tin—t] { P(A$+t):| +t
1 _
Retrospective = A {P(Aw n])8z:t] — A1 }
£
Fully Discrete Benefit Reserves to (x) with unit beneﬁt for duration k
Insurance Plan Prospective Formula
A — Py Gpyfen— k<mn
n-year term Ins Vi o= xik:n—lﬂ dn] R
zin| 0 k=n
" A — =
.. am+k:n—k| z+k:n—k| z:n)
A e — — P . o = 1 —_ = k
n-year endowment Ins | V., = et+hin—k] win] Gathin—k] - 1-A : sn
1 k=mn
h-payment whole ny — Apyre — nPrlgypn—i) k<h
life Ins kre = Apik k>h
h-payment n — year N Aw+k:7L—k] - th:n] dz-{—k:n—k] k<h<n
ka:n] = Am+t:7l—t] h<k<n
endowment Ins
1 k=n
A —P 1 Gyipep— k<
n-year pure Vo= x+k:nik1 .mlﬂa +kin—k] n
endowment Ins @] 1 E=n
: ; SN n—k\daﬂrk - P (n\az) dz—i—k:n—k‘\ k<n
Whole life annuity KV (n)le) = { e k>n
2
Po =Py ¥ Pty nVar Var[kL|K(z) > k —1] = [1 + ”} P Astkin—k) = (Aetkn—11)’]
Alternative Formula | n — year endowment ; V., whole life insurance V.
P . . . ax+k o A:rJrk - Aa:
rospective = Aa:—i—k:n—k'\ - Pm:n] Ayt k:n—k] Aerk = Ppagyp =1- i T T 1_A
. . . [Pac-l-k - Pw] : ’
P -diff = Px m—k] — PCE’I’L z+k:n— =75 I
remium-difference (Potrin—k] in])Bzthin—k] Pyt d
Paid-up i 1 Poml ] 4 1= g
aid-up insurance =1—=——| Asirin_ =1|1- S
Protkin—k] Hhn k] P | °F
Retrospecti - [ e iian] — Ay
etrospective B 10g:k] — ]

Benefit Reserves to (z) based on True m-thly Beneﬁt Premiums (max payment is h < n)




Case Prospective formula (k < h)
o (m) _ (m) . (m)
a) Fully Discrete NV = A, w1 P i, (7.6.1)
: : 1Y (m A A m A s m top m
b) Semi-continuous LV( ) (Az;m) = Am+k:m — ,pm (Az:m) ai_&f:m =5 2 Vw(:m) (7.6.4)
Case Relations to other reserves (k < h)
(m) _ .. (m)..(m)
vaim _Z VTm + hP7::maI+kim - th:m aw-l—k:m
a) Fully Discrete (m) om) [ Qi) .. . (m) (m)
sz:m =3 Vﬂiim + hpzzm &x:h] am—&-k:m - a$+k:m :Z Vﬁﬁ‘ + /B(m) ’ hPx:m ’ kvim
b) Semi-continuous PV (Aym) = 7V (Apm) + B(m) - 1, P (Ap7) - ;&.Vi:m
¢) Fully-continuous % (Aa;;m) ="y (Ax;m) + B(x) - pP (szm) . kViﬂ

Benefit Reserves to (z) based on Apportionable or Discounted Continuous Basis: k < h
L m A —_ A m A - {m} — 1 D (A = _hYy (A
ZV{ } (Azm) = Aerk:m — hP{ } (Axm) ax-‘rk’:m = A$+k:m — hP (Arm) aw+k:m —L 14 (Azm) (771 & 772)
P (4,) = P (A,) + P (APF) (773) WV (4,) = oV (4,) + oV (APR)  (7.7.4)
Chapter 8 Analysis of Benefit Reserves (more general than Chap 7)
fully discrete policies (8.2.4) | V' =3 72 brtjt 10! T Do rGurhsj — Do jo0 Thts¥? jPatk

fully continuous (8.2.9) V= fooo b0 uPaytthy (t+ u)du — fooc TiarV" Poredr
8.2 The Recursive Approach: Basic Idea
Recursion Relation for Benefit Reserves Recursion Formula
Backwards Recursion (fV + 71'15) (1 + Z) = bt+1q1~+t + px+tt+1V
Vv 1+4)—0 -
Fackler’s Accumulation (forward recursion)Formula 1V = (V) (147) = b1
prrt
in terms of the Net Amount at Risk V4+m) 1 4+19) =41 V+ (big1 —t+1 V) Guott

The Hattendorf Theorem (for obtaining variance of conditional Loss r.v.)

0 .
V2 U=RVar(Aj| K, > k)
=k
Var (1L | K, > k) = ZkUQ(jfk) jowPa k(b1 = 1 V) Dot jdass}
1=
k+r—1 )
> 0?0 pe (i — V) Petieri} + 07 epesiVar (ke L | Ko > k+7)
=k

where Var(Aj|Ky > k) = 5 wpessVar(Ajl Ky > §) = jwpark [0(bj11 — j1V) Potjers-
8.3 The Recursive Approach: Further Applications for fractional periods
Interim Benefit Reserves 0 < s < 1 and k£ and k + 1 are premium payment dates
Backward (kV =+ ﬂ'k) (1 =+ i)s = ’Ulfsbk+13q,,;+k “+5 pm+kk+sv
Forward k+sV (1 + 7;)1_3 = bk+11—sq;c+k+s +1-s px+k+sk+1v
Interim Benefit Reserves with mthly paid premiums 0 <r <1/m, h=0,1,...m — 1,
and k + (h/m) and k + (h/m) + 1 are premium payment dates

mthly Policy approximations
regular mthly bt ()4 V™ = (1= L — ) VO 4 (B gy, V) 4 (L) pOm)
apportionable premium | ,,L)_H.V{m} =(1- % —r) Vit 4 (% + 1) VI 4 (% —rypim}

Chapter X Insurance Models Including Expenses
X.2 Gross Premium Reserve
Thiele’sgDifferential Equation for Gross Premium Reserve
dtd‘z = Gt (1 — Ct) — e+ (51‘ + Mw""t)t VI — (bt + Et) Mot
X.3 Expense Reserve and Full Preliminary Term (FPT) Reserve
Recursion Relation for Expense Reserves
(WVe+ P —Rp) (1 +19) = quin Eng1 + DPagn haVE
X.4 Basis, Asset Share and Profit
Recursion Relation for Asset Shares
hAS +GL (1 —cp) —en] (1 +14) = guin (bry1 + Ent1) + Dotn h41A4AS




Chapter 20 Pension Mathematics
20.1 The Salary Scale Function

Salary Scale Function
s, _ salary received in year of age y to y + 1

sy  salary received in year of age = to z + 1



