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EXAM I 
Wednesday, July 27, 2016 
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Student Name:  
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Instructions: 

1. Write neatly and legibly -- you may lose points for messy work. 

2. Show all your work -- no points for answers without justification. 

3. Calculators and Mobiles are not allowed. 

4. Make sure that you have 7 questions (8 pages + cover page + formula sheet). 

 

Problem No. Points Maximum Points 

1  20 

2  10 

3  15 

4  15 

5  20 

6  10 

7  10 
Total:  100 

 

 

Coordinator: Dr A. N. Duman 
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Q1.  If  𝑬 = 6𝑟2 sin 𝜃 cos 𝜑 𝒂̂𝒓 + 4𝑟 cos 2𝜃 sin(𝜑/2) 𝒂̂𝜽 + 𝑟𝟑𝒂̂𝝋 at 𝐴(2,
𝜋

6
,

𝜋

3
) determine the 

vector component of 𝑬 that is:        

(a) Tangential to the spherical surface 𝑟 = 2.                     [5 pts]  

 

(b) Normal to the surface 𝜑 = 𝜋/3.                   [5 pts]  

 

(c) Parallel to the line 𝑦 = 2, 𝑧 = 0.                                                                        [5 pts]  

 

(d) Determine a vector perpendicular to 𝑬 and tangential to the plane 𝑧 = 2.      [5 pts] 
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Q2.  

(a) Find the magnitude and the direction of the maximum rate of change of                     

 𝑇 =
2

𝑟
sin 𝜃 cos 𝜑 at the point  𝑃(1,

π

6
,

𝜋

2
).                                  [5 pts] 

(b) Find 𝛁𝟐V  where is V = ρ2𝑧 sin 3𝜑 in cylindrical coordinates where 𝜌 ≠ 0.        [5 pts] 
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Q3. Express 𝑮 = 
𝑥 cos 𝜑

𝜌
𝒂̂𝑥 +

2𝑦𝑧

𝜌2
𝒂̂𝑦 + (1 −

𝑥2

𝜌2
)𝒂̂𝑧 completely in spherical system.      [10 pts]   
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Q4. If  𝑬 = 2𝑥𝑦𝑧 𝒂̂𝒙 + 𝑥2𝑧 𝒂̂𝑦 + 𝑥2𝑦 𝒂̂𝒛, show that the line integral L between two arbitrary 

points A and B in a simply connected region containing the path,  

𝐿: ∫ 𝑬 ∙ 𝑑𝒍
𝐵

𝐴

 

is independent of the path. Use the potential function to evaluate 𝐿 where, 𝐴 = (2,1, −1), 

and 𝐵 = (5,1,2).  

           [15 pts] 
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Q5. Verify the divergence theorem for the function   𝑬 = 𝜌2𝒂̂𝝆 + 𝑧 cos 𝜑 𝒂̂𝜑 − 𝜌 sin 𝜑  𝒂̂ 𝑧 , 

over cylinder defined by  1 < 𝜌 < 3, 0 < 𝑧 < 4.      [20 points] 
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Q6. Using the curl of  𝑬 = 𝑟 sin 𝜃  𝒂̂𝒓 + cos 𝜙 𝒂̂𝜃 − 𝑟2 cos 𝜃 𝒂̂𝝋 , evaluate the circulation,  

∫ 𝑬 ∙ 𝑑𝒍
𝐶

 

around the closed path C which is the boundary of the open surface defined by                 

0 < 𝜃 < 𝜋/2, 0 < 𝜙 <
𝜋

4
, 𝑟 = 2.                       [15 points] 
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Q7. Let 𝑬 = 2𝑟 sin 𝜃 𝐜𝐨𝐬 𝝋  𝒂̂𝒓 + 𝑟 cos 𝜃 cos 𝜙 𝒂̂𝜃 − 𝑟 sin 𝜙 𝒂̂𝝋 be the electric field on a 

certain region of space. Given two points 𝐴(1,0,0) and 𝐵(4, 𝜋/6, 𝜋/3) inside this region, 

find the electric potential at 𝐴, i.e. 𝑉(𝐴), given that 𝑉(𝐵) = 5.                    [10 points] 
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Formulae in cylindrical and spherical coordinate systems 

 

Differential of displacement 

Cylindrical:  𝑑𝒍 = 𝑑𝜌 𝒂𝝆̂ +  𝜌𝑑𝜙 𝒂𝝓̂ + 𝑑𝑧 𝒂𝒛̂ 

Spherical:  𝑑𝒍 = 𝑑𝑟 𝒂𝒓̂ +  𝑟𝑑𝜃 𝒂𝜽̂ +  𝑟 sin 𝜃 𝑑𝜙 𝒂𝝓̂ 

 

Gradient of a scalar field, 𝛁 V  

Cylindrical:  𝛁 V =
𝜕𝑉

𝜕𝝆
 𝒂𝝆̂ +

1

𝝆
 

𝜕𝑉

𝜕𝝓
 𝒂𝝓̂ +

𝜕𝑉

𝜕𝒛
 𝒂𝒛̂ 

Spherical:  𝛁 V =
𝜕𝑉

𝜕𝒓
 𝒂𝒓̂ +

1

𝒓
 
𝜕𝑉

𝜕𝜽
 𝒂𝜽̂ +

1

𝒓 sin 𝜃 

𝜕𝑉

𝜕𝝓
 𝒂𝝓̂ 

 

Divergence of a vector field, 𝛁 ∙ 𝐆  

Cylindrical:  𝛁 ∙ 𝐆 =
1

𝝆

𝜕(𝝆𝐺𝝆)

𝜕𝝆
+

1

𝝆

𝜕(𝐺𝝓)

𝜕𝝓
+

𝜕(𝐺𝒛)

𝜕𝒛
  

Spherical:  𝛁 ∙ 𝐆 =
1

𝑟2

𝜕(𝑟2𝐺𝒓)

𝜕𝒓
+

1

𝒓 sin 𝜃 

𝜕(sin 𝜃 𝐺𝜃)

𝜕𝜃
+

1

𝒓 sin 𝜃 

𝜕(𝐺𝝓)

𝜕𝝓
 

Relationship between Cartesian, Cylindrical and Spherical Coordinates  

(

𝐴𝜌

𝐴𝜑

𝐴𝑧

) = (
cos 𝜑 sin 𝜑 0

− sin 𝜑 cos 𝜑 0
0 0 1

) (

𝐴𝑥

𝐴𝑦

𝐴𝑧

)  

(

𝐴𝑟

𝐴𝜃

𝐴𝜑

) = (

sin 𝜃 cos 𝜑 sin 𝜃 sin 𝜑 cos 𝜃
cos 𝜃 cos 𝜑 cos 𝜃 sin 𝜑 − sin 𝜃

− sin 𝜑 cos 𝜑 0
) (

𝐴𝑥

𝐴𝑦

𝐴𝑧

)  

 


