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(Q1) Let f be a real-valued function defined on a measurable domain D. Define mea-
surability of the function f. Show that if f is measurable, then f? is a measurable
function.
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(Q2) Define f: R — {0,1} by

o) = 1 if €@ (setof irrationals)
YTV 0 if z€Q (set of rationals)

Use an appropriate result to check whether or not the function f is measurable.
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(Q3) Show that a continuous function defined on a measurable domain D is measurable.
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(Q4) Let f : R — R be a measurable function and g : R — R be a Borel measurable
function. Then prove that go f is a measurable function.
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(Q5) (a) Find a measurable set that is not Borel set.

(b) Show that an extended real-valued function f defined on a set D of measure
zero need not be Borel measurable.
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(Q6) Let f and g non-negative measurable functions defined on a measurable set E.

Define f dm where m stands for Lebesgue measure.
E

Hence show that /
E

(+a)dm= [ fam+ [ gam
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(Q7) (a) State and prove Montone Convergence Theorem (MCT).

(b) Check whether or not (MCT) holds for the sequence of functions: f, : R — R
1
given by f,(x) = - X [n,00)-
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(Q8) Let g be integrable and {f,} a sequence of measurable functions on F such that

|fol < g.1f f, = fae on E, then / f :lim/ fn-
E " JE
Explain why and how this result does not hold for £ = (0,1] and

1

n if xE(O,—]

n

0 if xe(l,l]
n

fn<x> =
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(Q9) (a) Let {u,} be a sequence of non-negative measurable functions and f = Z U

15 [

n=1

Then show that

(b) Give an example of a function f such that |f| is measurable but f
is not measurable.



