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(Q1) Prove that Lebesgue outer measure m∗ is countably subadditive.
Use this result to evaluate m∗(Q) where Q is the set of rational numbers.
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(Q2) Let A be any set of real numbers and ε > 0. Then show that there is an open set O
such that A ⊆ O and m∗(O) < m∗(A) + ε.
Under what condition on the set O, the above inequality becomes m∗(A) = m∗(O)
and how?
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(Q3) Prove that for a, b in R, the interval (a, b) is a Lebesgue measurable set.
Use this result to show that any open set in (R, | · |) is measurable.
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(Q4) Show that the Lebesgue measure m is translation invariant.
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(Q5) (a) Define a Borel set. Show that every Borel set is Lebesgue measurable.

(b) Use an appropriate result to find Borel measure of any countable set of numbers.
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(Q6) Let P be the usual non-Lebesgue measurable subset of A = [0, 1). If E is measurable
and E ⊂ P, then show that m(E) = 0.
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(Q7) Prove or disprove:

(a) Any subset of a measurable set is measurable.

(b) The outer measure of a non-measurable set is positive.

(c) The Cantor set C is a Borel set.
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(Q8) Show by means of an example that if the set A has Lebesgue measure zero, then its
closure and boundary need not have measure zero.
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(Q9) For the sequence En = [0, 1)∪ [n, n+1), check whether or not the following equation
holds:

lim
n→∞

m(En) = m
(
lim
n→∞

En

)
where m stands for Lebesgue measure.


