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Exercise 1 (10 pts). Let f: Z_, — R be a function defined recursively by:

f(0)=3, f(k+1)=2f(k)+2k—4.
Show that
f(n)=2"—2n+ 2,

for each integer > 0.
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Exercise 2 (10 pts). Let R be the binary relation defined on Z by:
aRb iff 3| (a®—b?).

(1) Show that R is an equivalence relation.
(2) Show that the quotient set Z/R is of cardinality 2.
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Exercise 3 (10 pts). Prove that the function f: R\ {11} — R\ {9} defined by

o) = 9x — 1

11 is a bijection and find its inverse function 1.
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Exercise 4 (15 pts). Find the number of integers between 1 and 1000 that are
neither even nor multiple of 3 nor multiple of 5 nor multiple of 7.
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Exercise 5 (10 pts). Show that among 2196 people, at least 6 were born on the
same day of the year.
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Exercise 6 (10 pts). Find all integers x, y such that
1422 — 71y = 213.
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Exercise 7 (15 pts). Let I = (0, 1) be the unit interval. The decimal representation

ofanx €1is
o0

T = Z a, 107",

n=1

where a, are digits (in {0,1,2,3,4,5,6,7,8,9}).
(1) We define the function f:1x I — I by

f(i a,107", f: b,107") = f: e, 1077,
n=1 n=1 n=1

where c¢y,_1 = a,, and ¢y, = b,, for each positive integer n.
Show that f is injective.
(2) Deduce from (1) that R x R and R have the same cardinality.
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Exercise 8 (10 pts). Find all integers x such that
152 =5 (mod 50).
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Exercise 9 (15 pts). Let % be the binary operation defined on R\ {1} by :
axb=a+b—ab.
Show that (R \ {1}, %) is an Abelian group.
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Exercise 10 (10 pts). Show that (0,1) \ {2 : n € N} and R have the same
cardinality.
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Exercise 11 (10 pts). Let H be a subgroup of S;. Show that | H | belongs to
{1,2,3,4,6,8,12,24}.
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Exercise 12 (15 pts). Let U(16) be the set of all € Z; having an inverse for the
multiplication.

(1) List all the elements of U(16).
(2) Give the table of multiplication on U(16).
(3) Find the order of each element of U(16).

(4) Is U(16) a cyclic group? Justify your answer.
()

5) Is there a subgroup of U(16) of order 67 Justify your answer.
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