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Name: ID:

Question Number Full Mark Marks Obtained

One 17

Two 16

Three 18

Four 18

Five 15

Six 17

Seven 14

Eight 20

Nine 16

Ten 11

Eleven 18

Total 180



Question.1 (7+7+3=17-Points)

Suppose that X and Y are two discrete random variables with joint mass function given by the following
table:

Y
X 1 3 5 6

1 1/9 1/27 1/27 1/9
2 2/9 0 1/9 1/9
3 0 0 1/9 4/27

(a) Find the PMFs of X and Y .

(b) Find E
{
X2|y = 6

}

(c) Find P
{
X ≥ Y

}



Question.2 (10+6=16-Points)

Let (X,Y ) be a continuous RV with PDF given by:

f(x, y) =

{
Γ(α1+α2+α3)

Γ(α1)Γ(α2)Γ(α3)x
α1−1yα2−1(1− x− y)α3−1, x ≥ 0, y ≥ 0, x+ y ≤ 1

0, o.w

(a) Find the marginal PDF of X

(b) If α1 = α2 = α3 = 1, find E
{
Xk
}

for some positive integer k.



Question.3 (6+12=18-Points)

Let X1, X2, . . . , Xn be independent RVs with Xi ∼ Poisson(λi), for i = 1, 2, . . . , n.

(a) If S =
n∑
i=1

Xi, find the PMF of S. (i.e P{S = s}).

(b) Show that the conditional PMF of X1|S = s is binomial
(
s, λ1∑n

i=1 λi

)



Question.4 (4+6+5+3=18-Points)

Let X be a uniform RV on the interval (0, 1).

(a) Find the PDF of Y = − ln(1−X)

(b) Let Y1, Y2, . . . , Yn be iid such that Yi, i = 1, 2, . . . , Yn have the same distribution as Y in (a). Let

S = 2
n∑
i=1

Yi. Find the PDF of S



(c) Find E{Sk} for the RV in part (b), where k is a positive integer.

(d) Use the result is (c) to find the mean and variance of the RV S



Question.5 (7+8=15-Points)

Let X and Y be independent RVs with X ∼ Gamma(r, 1) and Y ∼ Gamma(s, 1)

(a) Let Z1 = X + Y , Z2 = X
X+Y , find the joint PDF of (Z1, Z2)

(b) Find the conditional PDF of Z1|Z2 = z2. Are Z1 and Z2 independent? Explain.



Question .6 (5+12=17-Points)

Let Pi ∼ beta(α, β), and Xi|Pi ∼ Binomial(1, pi), where i = 1, 2, . . . , n and Xis are independent. Define

Y =
n∑
i=1

Xi

(a) Find E{Y }

(b) Find V ar(Y )



Question .7 (9+5=14-Points)

Show that each of the following belongs to the expediential family

(a) X ∼ beta(α, β)

(b) P{X = x} = n!
x1!x2!...xn!α

x1
1 α

x2
2 . . . αxnn , where

n∑
i=1

Xi = n, and xi = 0, 1, . . . , n.



Question .8 (10+10=20-Points)

Let X1, X2, . . . be iid Uniform(0, θ).Let X(1) = min(X1, X2, . . . , Xn), and X(n) = max(X1, X2, . . . , Xn)

(a) Let Yn = nX(1), n = 1, 2, . . . . Show that Yn converges in distribution to some RV Y and find the
DF of Y

(b) Let Zn = Y(n), n = 1, 2, . . . . Show that Zn
P−→ θ.



Question .9 (8+8=16-Points)

(a) Let {Xn} be a sequence of pairwise uncorrelated RVs with E(Xi) = µi, V ar(Xi) = σ2
i , i = 1, 2, . . . .

If
n∑
i=1

σ2
i −→∞ as n −→∞. Show that

n∑
i=1

(Xi − µi)

n∑
i=1

σ2
i

P−→ 0

(b) Let X1, X2, . . . be an iid sequence of RVs with E(Xi) = µ, V ar(Xi) = σ2 < ∞. Let Yn =

2
n(n+2)

n∑
i=1

iXi. Show that Yn
P−→ µ



Question .10 (7+4=11-Points)

(a) Let X1, X2, . . . be an iid sequence of RVs with V ar(Xi) = σ2 <∞.

Show that S2
n = 1

n−1

n∑
i=1

(Xi −X)
a.s−→ var(X1) = σ2

(b) If {Xn} be a sequence of RVs such that Xn
D−→ N(µ, σ2). Find the limiting distribution of

Yn = X3
n + 3Xn − 1



Question .11 (18-Points)

Let X1, X2, . . . be a sequence of iid RVs with common mean µ and variance σ2. Let Xn = 1
n

n∑
i=1

Xi,

S2
n =

1

n− 1

n∑
i=1

(Xi −X)2. Show that
√
n(X−µ)
S

D−→ Z ∼ (0, 1)


