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Department of Mathematics and Statistics
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Instructions:

1. Write neatly and legibly. You may lose points for messy work.

2. Show all your work. No points for answers without justification.
3. Programmable Calculators and Mobiles are not allowed.

4. Make sure that you have 10 different problems (10 pages + cover page).
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2 =2 1
Q1. LetA = (—1 3 —1>. Find a matrix P that diagonalizes A and the diagonal
2 -4 3

matrix D such that D = P~ 1AP

Solution:
The characteristic equation of A is
A=Al =-23+48A%2—-131+6=—-A1—-6)(A—1)%=0.

This gives the eigenvalues of A: 1; =41, =1 and A; = 6.

The corresponding eigenvectors are

-1 2 1
K, = ( 0 ), K, = <1> and K; = (—1).
1 0 2

Thus, a matrix P that diagonalizes A is given by

-1 2 1
P = ( 0 1 —1)
1 0 2
and the diagonal matrix D is

1 0 0
D=P'AP=(0 1 0|
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Q2. Let C be the line segment from (1, 2,0) to (=2,—1,0). Evaluate [. (x — ) dy.

Solution:

Parametric equations for the line segment are
x=1+((-2-1Dt=1-3t,
y=2+4+((-1-2)t=2-3t,

z=04+(0-0)t=0,0<t<1.

We obtain

fc (x—y)dy=]013dt=3
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Q3. LetD be the region bounded by the paraboloid z = x? + y? + 1 and the plane

z — 2x = 4. Use the divergence theorem to find the outward flux [f; (F-n) dS of the

vector field F=x1i+y j— K, where S is the boundary of D.

Solution:

In Cartesian coordinates the region D is given by

D={(x,y,z)|—1£xs3,— 3—x2+2xSyS\/3—x2+2x,}

1+x2+y?<z<4+2

The divergence of F is
divF = 2.
By the divergence theorem,

ﬂ (F-n)dsS =Jf dideV=2ﬂ dv
s D D

3 V3—x2+2x
= Z.f f (3 + 2x — x% — y?)dydx
—-1J-V3-x%2+2x
3 1 V3-x2+2x
=2.f [(3+2x—x2)y——y3 dx
-1 3 —V3—x2+2x

8 3 3
=§f (3 —x?+ 2x)2 dx
-1

3
=21° 4= (x— 1?2 dx (lets =x—1)
37-1
8 2 212 .
:§f—2[4_s ]z ds (lets = 2sin @)

8 (2 8 (2
= —f 16 cos*0 do = —f 4(1 + 2c0s26 + cos?26) db
3)_¢ 3 )=

T

—32%3 2 20 ! 40 d0—6439 in 20 1'495—16
—?_%<§+ cos +§cos ) _?[E + sin +§sm 0— TT.
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Another solution:

In Cartesian coordinates the region D is given by
D={(xy.2)|x-1)*+y*=41+x*+y*> <z <4+ 2x}.

The divergence of F is
divF = 2.
By the divergence theorem,

[ @was =[] avrav=2f] a
N D D

=2 [, B+ 2x—x*—y?)dA where R = {(x,y)|(x — 1)* + y* = 4}.

let s = x — 1, then the integral

= foM (4—52 —yz)dA where M = {(S,y)|52 +y2 — 4}.

VA

= Zof !(4 —1r¥)rdrdf

2
= 4nJ(4r —r3dr
0

412
—4n|2rz T
41,

= l6m.

Page |5
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Q4. Let f(2) = |z|* + i. Show that f(z) is differentiable only at z, = 0 and find f’(0).

Solution:

Letz = x +iy. We have
f(2)=zI?+i=x*+y? +i.

Putu = x? + y? and v = 1. We obtain

6u_2 61;_0
ax Y ay
6u_2 617_0
dy Yoo TV

Since the Cauchy-Riemann equations hold only at point (0,0), then f(z) is not

differentiable at any z # 0.

. ou du Jdv OJv
Moreover, since u, v, —

,—,—,— are continuous in a neighborhood about a point
dx 0y 0x 0y

(0,0), then f(z) is differentiable at z = 0 and f'(0) = Z—Z (0,0) + iz—z (0,0) = 0.
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Q5. Find all complex numbers z satisfying cos z = 2.

Solution:

elZ + e—lZ

=2
2

e +e % —4=0
.82 .
(e?)" —4e?+1=0

. 4++v16 -4
e T 2443

iz = ln(Z + \/§)

e

iz = loge|2 + V3| +i(0 + 2nm),

n=204=+1%2, ..

z=2nn—ilog,(2++V3), n=04+142,..

Page |7
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sin

Q6. Find fc ~
z=2toz=21.

1ZI dz, where C is the circular arc (in the first quadrant) along |z| = 2 from

Solution:

On curve C, we have z = 2(cost + isint) = 2e%,0 < t < /2 and dz = 2ie'dt.

Thus,

J sin|Z|
dz
¢ Z

ﬁsin 2

2elt

2ieltdt

T
. . E
=151r12j dt
0

_.n. 2
=1 2sm .
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Q7.Let f(z) = z°sin (Ziz)

(a) Expand f () as Laurent series valid for 0 < |z].

Solution:

We want all powers of z in the series. We obtain

ssin )
f(z) = z>sin =

( 1) 2k+1
- ZSRZ 2k+ 1) <ZZ>

Z(2k+ D)

o, 11 11
I

The series valid for the annular domain 0 < |z]|.

Page |9

(b) Evaluate ﬁc f (Z ) dZ where C is a positively oriented rectangle containing zero.

Solution:

Since the residue at z = 0 of the given functionis a_; = — %, then

ﬁcf(Z) dz = 2miRes (f(z), 0)=—§m’.
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Q8. Use the Cauchy integral formula (for higher derivatives) to evaluate the integral

3

z°—=2

fﬁ (— —z3cosz ) dZ where C is the positively oriented circle
C \z3(z-1)

|z—1] = 2.

Solution:

Let 11 = ¢ 232

— 3
3 mdz and I, = §. z*>cosz dz.

Since z3 cos z is an entire function, then I, = 0 by Cauchy theorem.

Since the two singularities z = 0 and z = 1 are lying within C, then we can use the
deformation theorem as follows:
I jﬁ -2, +j€ z-2
= — dz — dz
! ¢, 22(z—1) ¢, 22(z—1)
where C;:|z| = 0.1and C,: |z — 1] = 0.1.

Moreover, one can rewrite the integral /; as follows:

11=j€ f1(3Z) dz + f2(2) dz
C1

VA sz—l

z3-2, Ivti
—— is analytic on ;.

3_
Where f;(2) = % is analytic on C; and f,(z) = ~
273-62%2+62—4

2 —
Thus, we have f,”(z) = Z—1)?

. Using the Cauchy's integral formula, we obtain
21

o 2(0) + 2mify (1) = 4mi — 2mi = 2mi

11=

Hence,

z3 -2
§ (m—ZSCOSZ>dZ211+IZ:Zﬂi+O:27Ti.
c —
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sinz
9. Use the residue theorem to evaluate ————— dZz where C is the positivel
“ b 22 (z+i)? P y
oriented circle |z| = 3.
Solution:
Observe that f(z) = Sinz, has two singularities z = 0 and z = —i and both of them lie
z2(z+10)2

within C. Thus,

sinz
| = i s 2 = 2 Res(F(2),0) + Res(f(2),~0)]
Since z = 0 is a zero of the denominator of order 2 and zero of the numerator of order 1,
then z = 0 is a simple pole and

Res(f(2),0) = lim zf () = z%% _

Since z = —i is a zero of the denominator of order 2 and is not a zero of the numerator,

then z = —i is a double pole and

Res(f (2),0)=lim - ((z + 1) (2))

=—cosi—2isini

d (sinz) li z2 cos z=2zsinz

z—>—1 z*

Hence,

I=—-1—cosi—2isini.
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Q10. Evaluate the Cauchy principal value of [~ o 71 1g 9X-
Solution:
Let f(z) = z4 +16

mi+2kmi

Since z* +16 = (z — z))(z — z1)(z — 2,)(z — z3) wherez, =2¢ +« ,k=0,1,2,3.

We let C be the closed contour consisting of the interval [—R, R] on the x-axis and the

semi-circle Cg of radius R > 2 givenby z = Re',t = 0 ...7.

Then

f()d—fR ! d+f L4
J@Ddz= | wrie ™t et

Since degree z* +16 minus degree 1 > 2, then llm

dz = 0 and so

Crz*+16

PV.[”

dx =2mi [Res(f (2), z0) + Res(f (2), z1)].

) 4+16

Since z = z, and z = z,; are simple poles, then

1 1 3mi 1 1 . 1
Res(f(z),zo)=?o3=§e xS =_(___L_)

32\ V2 W2
Res( )_1_1_9Tm'_1_%i_1<1 _1)
es(f(2),z; —4Z13—326 —326 BEVAWE) L\/Z
Hence,
PV.[7 dx=22m.

o 4+16



