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Problem 1
Let f € L*(IR) such that
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Define u,(z) = nf(nz), z € I = (—1,1).

i) With an appropriate change of variable, show that, for any ¢ € C ([-1,1]),
t n
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i1) Show that

1

liIE un(x)p(x)dr =0, Yo € C([-1,1]).
n—+oo J_1

i17) Show that (u,) is bounded in L(I).

iv) Show that there is no subsequence (u,, ) which converges weakly to some u in
LYI).

Hint: You may argue by contradiction to show that © = 0 and continue.



Problem 2.
Let I = (0,+c0) and ¢:IR — IR be a C! function. If u € H}(I), show that
v € H)(I), where



Problem 3
Show that there exist ug, u; € L' ((—1,1)), 1 < p < +oo0, satisfying

1 1
/ upv + uv’ = v(0) +/ v, Yo € WyP(I).
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Problem 4.
Let I = (0,1) and define the subspace

HNI) = {v e HY(I) - /Iv(m)dm — 0}

a) Show that H!(I) is closed.
b) Show there exists a constant ¢, > 0, for which

10]l2 < |||z, Vv € HI(T).

¢) Let f € L*(I), show that there exists a unique u € H}(I) such that
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/ u'v’ :/ fv, Yv € HXI).
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d) Show that u € H?(I) and find the equation satisfied by u.
Hint: Notice that v = ¢ — [ ¢ € HX(I), V¢ € HY(I).



Problem 5.
In I =(0,1), given the problem

—u" + [y u(z)ds = f, in I
(P) { u(0) = u(1) = 0

where f € L3(I).
a) Show that (P) has a unique weak solution u € H}(I).
b) Show that u € W23(I)



