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Problem # 1. (5 marks) Let u € C()) be the solution of the problem

Au(z,y) =0, inQ
u(r,y) =y*, ondQ ’

where Q = {(z,y) / 2* +y* < 1}
a. Find
max v and min u
a a

//Qu(x, y)dzdy

Hint: Do not forget the mean value property

b. Find u(0,0) and



Problem # 2. (8 marks) Given the problem

{ u(z,t) — Au(x,t) =0, in IR? x (0, +00)

u(z,0) = up(x), in
where , .
) 7+ 3, i +x3<1
“0(‘”)—{ 1, 22422 >1

Find u(0,t) and lim; ;o u(0,?)



Problem # 3. (12 marks) In a cylindrical body, the temperature distribution
is given by

u(r, 2, t) — [t (1, 2 t) + 2 (up(r, 2,t) /1) + use(r, 2, )] = 0, i (O 1) x (0,7) x (0,400)
(P1) u(r,0,t) = u(r,m,t) = in [0,1] x [ o0)
u(1,z,t) =0, in [0, 7] x [0, +00)
u(r, z,0) = 2(sm7rrsm22)/ in (0,1] x [0, 7]
a. Show that v = ru satisfies
Ut( —O(UT)T + Uzz> = (; N in (0, 1)[O><1§0, 7T[2] X (0,)—1—00)
v(r,0,t) =v(r,m,t in [0, 1| x {0, 400
(P2) Y 00, 2.8) = v(1,2,) = 0, in [0, ] x [0, +00)
v(r,z,0) = 2sin7rsin 2z, in (0,1] x [0, 7]

b. Solve (P2) and then write the solution u of (P1)
c. Find the temperature u(0, z,t) at the z-axix.



Problem # 4. (12 marks) Given the initial-boundary value problem

g (2, 1) — Augy(z,t) = 1622 + 4, in (0,1) x (0, 4+00)
u.(0,t) = u(1,t) =0, t>0

u(z,0) = —“—; — 2424 2c0s8(5mz/2), 0<az<1
ur(z,0) = meos(mz/2), 0<z<l1

(P3)

a. Let v =u+ f(z). Find f so that v satisfies

(2, t) — dvge(z,t) = 0, in (0,1) x (0,400)
v2(0,t) = v(1,t) =0, t>0

(P4) v(x,0) =vo(z), 0<z<1
v(z,0) =v1(z), 0<z<1

for vy and v; to be determined.
b. Solve (P4) and write down the solution of (P3)



Problem # 5. (8 marks) Solve

u(x,t) — 9Au(z,t) = 0, IR? x (0, 400)
u(z,0) =1+ z29, uy(z,0) = 23, in Q

Use

L p3dr 2 L rdr
/ =— and / =1
0o V1I—72 3 0 V1—1r2



