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• Write all steps clear.

Question # Marks Maximum Marks

1 10

2 12

3 10
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6 12

7 12

Total 80
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Q:1 (10 points) Solve by separation of variables

c2
∂2u

∂x2
=
∂2u

∂t2
, 0 < x < L, t > 0,

subject to the boundary conditions

u(0, t) = u(L, t) = 0, t > 0,

and initial conditions for 0 < x < L,

u(x, 0) =

{
x 0 < x < L/2
L− x L/2 < x < L,

ut(x, 0) = 0.
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Q:2 (12 points) Solve the heat equation

∂2u

∂x2
=
∂u

∂t
, 0 < x < 1, t > 0

subject to the following initial and non-homogeneous boundary conditions

u(x, 0) = 0, u(0, t) = 2, u(1, t) = 3, 0 < x < 1, t > 0.
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Q:3 (10 points) Use Laplace transform method to solve the wave equation

4
∂2u

∂x2
=
∂2u

∂t2
, 0 < x < 1, t > 0

with the boundary and initial conditions

u(0, t) = 0, u(1, t) = 0, t > 0

u(x, 0) = 0,
∂u

∂t
|t=0 = sin(πx), 0 < x < 1.
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Q:4 (12 points) Solve the Laplace equation by separation of variables

∂2u

∂x2
+

∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u(x, 0) = u(0, y) = 0,

u(a, y) = 0, u(x, b) = x− a.
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Q:5 (12 points) Solve

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 < r < 1, 0 < z < 2

subject to the boundary conditions

u(1, z) = 0, 0 < z < 2

u(r, 0) = 0, 0 < r < 1

u(r, 2) = u0, 0 < r < 1

solution u(r, z) is bounded at r = 0.
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Q:6 (12 points) Find the steady-state temperature in the sphere of radious C by solving

∂2u

∂r2
+

2

r

∂u

∂r
+

1

r2
∂2u

∂θ2
+
cotθ

r2
∂u

∂θ
= 0, 0 < r < C, 0 < θ < π

u(C, θ) = cos(2θ), 0 < θ < π.

(Hint P0(x) = 1, P1(x) = x, P2(x) = 1
2
(3x2 − 1)).
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Q:7a (6 points) Find L−1{ln(1 + 1
s2

)}.

Q:7b (6 points) Use D’Alembert’s formula to solve

c2
∂2u

∂x2
=
∂2u

∂t2
, −∞ < x <∞, t > 0,

u(x, 0) = sin 3x

ut(x, 0) = sin 2x− sin x.
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Formula Sheet
The Fourier-Bessel series of a function f defined on the interval (0, L) is given by

(i) f(x) =
∞∑
i=1

ciJn(αix)

ci =
2

L2J2
n+1(αiL)

∫ L

0

xJn(αix)f(x)dx

where the αi are defined by Jn(αL) = 0.

(ii) f(x) =
∞∑
i=1

ciJn(αix)

ci =
2α2

i

()α2
iL

2 − n2 + h2)J2
n(αiL)

∫ L

0

xJn(αix)f(x)dx

where the αi are defined by hJn(αL) + αLJ ′n(αL) = 0.

(iii) f(x) = c1 +
∞∑
i=2

ciJn(αix)

c1 =
2

L2

∫ L

0

xf(x)dx, ci =
2

L2J2
0 (αiL)

∫ L

0

xJ0(αix)f(x)dx

where the αi are defined by J ′0(αL) = 0.
(a) d

dx
[xnJn(x)] = xnJn−1(x) and d

dx
[x−nJn(x)] = −x−nJn+1(x)

(b) If L{f(t)} = F (s) and a > 0, then

(1) L{ 1√
πt
e−

a2

4t } = e−a
√

s
√
s

(2) L{ a

2
√
πt3
e−

a2

4t } = e−a
√
s

(3) L{erfc( a
2
√
t
)} = e−a

√
s

s

(4) L{eabeb2t erfc(b
√
t+ a

2
√
t
)} = e−a

√
s

√
s(
√
s+b)

(5)L{2
√
t√
π
e−

a2

4t − a erfc( a
2
√
t
)} = e−a

√
s

s
√
s

(6) L{−eab+b2t erfc(b
√
t+ a

2
√
t
) + erfc( a

2
√
t
)} = be−a

√
s

s(
√
s+b)


