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Exercise 1 [20 minutes = 20 points]  

Let 𝐴8 denote the alternating group of order 8. 

(a) Let 𝜎 ∈ 𝐴8 with 𝜎 = 𝛼1𝛼2 … 𝛼𝑘  where the 𝛼𝑖 ’s are disjoint cycles. 

Show that 𝑘 = 2 𝑜𝑟 4.  

(b) What is the maximum order an element of 𝐴8 can have? 
 

 
Exercise 2 [20 minutes = 20 points]  

 Let 𝐺 denote the Klein group (≅  
ℤ

2ℤ
×

ℤ

2ℤ
). Show that 𝐴𝑢𝑡(𝐺) ≅ 𝑆3.  

 
Exercise 3 [20 minutes = 20 points]  
 Let 𝐺 be an abelian (multiplicative) group such that its only subgroups are {1} 
and 𝐺.  Prove that either 𝐺 = {1} or 𝐺 is cyclic with prime order.  

 
Exercise 4 [20 minutes = 20 points] [Justify your answers]  
(a) [05 points] Give an example of an infinite field of characteristic 7.  
(b) [15 points] Give an example of a finite field with 49 elements. 

 
Exercise 5 [20 minutes = 20 points] [You cannot use here Theorem 17-6] 

 Prove that the ideal (𝑋2 + 𝑋 + 1) is prime in 
ℤ

2ℤ
[𝑋] but not in 

ℤ

3ℤ
[𝑋].  

 
Exercise 6 [20 minutes = 20 points]  
Let 𝜙: ℝ → ℝ be an onto ring homomorphism. Prove: 
(a) 𝜙 is a bijection (hence an isomorphism).  
(b) 𝜙(𝑛) = 𝑛; ∀ 𝑛 𝜖 ℤ. 
(c) 𝜙(𝑞) = 𝑞; ∀ 𝑞 𝜖 ℚ. 
(d) 𝑥 > 𝑦 ⇒ 𝜙(𝑥) > 𝜙(𝑦), ∀ 𝑥, 𝑦 ∈ ℝ.  
(e) 𝜙 is the identity.  

 
Exercise 7 [20 minutes = 20 points]  

Solve 𝑥27 = 1 in  
ℤ

41ℤ
. 

 
Exercise 8 [20 minutes = 20 points]  

Find the remainder when  𝑋45 is divided by 𝑋 + 9 in 
ℤ

11ℤ
[𝑋].    

 
Exercise 9 [20 minutes = 20 points]  

Prove 
ℚ[𝑋]

(𝑋2−2)
 is ring-isomorphic to ℚ[√2] ≔ {𝑎 + 𝑏√2 | 𝑎, 𝑏 𝜖 ℚ}.  


