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Exercise 1 [20 minutes = 20 points]

Z
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Determine all group homomorphisms from — to —
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Exercise 2 [20 minutes = 20 points]

Let G := {1,7,17,23,49,55,65,71} be a group under multiplication modulo 96.
(a) Compute the orders of 7, 17, and 49.

(b) Determine the isomorphism class of G.

(c) Give 2 subgroups H and K of G such that G equals the internal direct product
of H and K.

Exercise 3 [20 minutes = 20 points]

(a) Let R be a commutative ring and let nil(R) denote the set of all nilpotent
elements of R. Prove nil(R) is an ideal of R; and it is included in every prime
ideal of R.

Z
(b) Let R := ﬁ with n a positive integer and p a prime integer. Determine

nil(R) and show it is a maximal ideal of R.

Exercise 4 [20 minutes = 20 points] [Justify your answers]
(a) (05 points] Give an example of an infinite integral domain of characteristic 3.

Z Z
(b) 110 points] Construct an example of a ring R isomorphic to 27 X o7 S Broups

but not as rings.

7 .. . Z
(c) [05 points] Let R: = = [i] :== {a +ib|a,b € ﬁ}. Is R a field?

Exercise 5 [20 minutes = 20 points]

R
Prove Z[—X] is a field.
(X2+X+1)



