Formula for AS483 Actuarial Risk Theory & Credibility

Chap 3 Basic Distributional Quantitites

3.1 Moments:
Quantity Continuous Discrete
k*" Raw moment W, = B[X¥] 75 2k f(a)da mep(xj)
J
k" Central moment 1y = E[(X — p)¥] [ (x— )" f(z)dx Z (z; — )" p(z;)
J
ok Y (- w) pla;)
ki" Excess Loss moment ek (d) = E[(X — d)* |X > d] Ja (xl—_ ;(J)(x) * 72 = F(d)
k*h Left Censored oo
o et Consore B(X - 0] = k@[ - F@] | [7 @0 S| Y (-0 o)
k" Limited loss moment  E[(X Au)"] [ 2k f(x)de + uFS(u) Z ahp(a;) +ubS(u)
r;<u

3.2 100pth percentile 7, of a random variable is such that F'(7m,—) < p < F(7,). mo.5 is the median.

3.3 Generating Functions and Sums of Random Variables:

Moment generating function (mgf): Mx(t) = E[e!X] Probability generating function (mgf): Px(z) = E[2¥].
Mx (z) = Px(e*) Px(z) = Mx(Inz)

Quantity Expectation Variance Mg, (t) Ps, (2) lim Sk — E15i]
k—oo  /Var(Sy)
g, — Ek:X k k k k
k= i _ ‘ B ‘
P E[Sk] = Z E[X;] | Var(Sg) = Z Var (X;) H Mx, (¢) H Px,(z) | approx N(0,1)
(independent X;s) i=1 i=1 i=1 i=1

k
k . Var(Sk) = Z Var (X;)
Sk = 2 Xi B[S =" E[X] =t M, (t) Py, (2)

— k %
(dependent X;s) =1 +2 Z Z Cov (X;, X;)

i=1 j=1

3.4 Tails of Distributions:
Classifications based on: (1) moments (2) limiting tail behavior (3) hazard rate functions 4) Mean Excess loss functions

o Si(x) o Si) L —f) L fie)
1) B[X*] Rl R Ry s e
*S(x)dr [ S(y+d
3) h(z) 4) e(d) = Ja 5((;)) ? :/ (é{&)  ay
0
3.4.5) Equilibrium distributions and tail behavior f.(z) = 5((;?), x> 0.

Se(x) — [ZS(t)dt  e(z)

3.5 Risk Measures:
Coherent risk measure p(X) has 4 properties below:

1) Subadditivity: p(X +Y) < p(X) + p(Y) 2) Monotonicity: if X <Y then p(X) < p(Y)

3) Positive homogeneity: if ¢ > 0, then p(cX) < ep(X)

4) Translation invariance: if ¢ > 0, then p(X +¢) = p(X) + ¢
Standard deviation principle: Pr(X > u+ ko) =exceedance probability.
Value-at-Risk, VaR,(X) = m,. violates subadditivity.

* xf(zx)dx _
Tail-Value-at-Risk, TVaR,(X) = E[X|X > 7] = m =7, +ex(mp) =mp + B 1?[;( Ay
P

Chap 4 Characteristics of Actuarial Models

4.2.2 Parametric Distribution Families:

Def4.1 A parametric distribution is a set of distribution functions determined by specifying one or more values called
parameters. The number of parameters is fixed and finite.

Def4.2 A scale distribution if, when a random variable from that set of parametric distributions is multiplied by a
positive constant, the resulting random variable is also in that set of distributions.



Def4.3 For random variables with nonnegative support, a scale parameter for a scale distribution meets two conditions:
(1) when a member of the scale distribution is multiplied by a positive constant, the scale parameter is multiplied by the
same constant. (2) when a member of the scale distribution is multiplied by a positive constant, all other parameters are
unchanged.

Def4.4 A parametric distribution family is a set of parametric distributions that are related in some meaningful way.
4.2.3 Finite Mixture Distributions:

Def4.5 A random variable Y is a k-point mixture of the random variables X;, X5, ..., X} if its cdf is given by
k

k
Fy(y) = Zaini (y) where all a; > 0 and Zai = 1.
=1 i=1
Def4.6 A variable-component mixture distribution has a distribution function that can be written as Fy (y)

K K
ZajFXj(y) where Zaj =lalla;>05=1,2,--- K, K=1,2,---.
— —
il.2.4 Data—dependené Distributions:

Def4.7 A data-dependent distribution is at least as complex as the data or knowledge that produced it, and the
number of “parameters” increases as the number of data points or amount of knowledge increases.

Def4.8 The empirical model is a discrete distribution based on a sample of size n that assigns probability 1/n to each
data point.

Chap 5 Continuous Actuarial Models

5.2 Creating New Distributions:

Transformation Fy (y) fy (y)
Multiplication by a constant Y = 60X Fx(y/0) %fx (y/9)
Raising to a power Y=XY" 1>0 Fx(y™) YT fx(y7)
a) Inverse Yy =X"1 1—Fx(y™) —fx(™)
b) Inverse Transformed Y =X, 1—Fx(y™) -ty T x(yT)
T<0,7# -1
Exponentiation Y =eX Fx(lny) le (Iny)
Mizing Y|A with fa()) ny|A(y|)\)fA(>\)d)\ fleA(xP\)fA()\)d)\
Var(X) = E [Var[X|A]]
k] _ k
BX*"] = B [ELX®|A]] + Var(E[X|A])
) YA with L= Sya(y\) =1—e MW 1 d 4,
Frailty Model hyin(ulA) = Aa(y) | 1-Sy(y) =1 Ele 2400 | g, Pt
arfi(y) cw<y<a
- Jily) = pdf afly) a<y<e
‘plicing Zf:1 a; =1 : :
arfe(y) cr—1 <y <ck

5.8.2 Selected Distributions and Their Relationships:
a) 2-parametric family: (1) Transformed Beta family (2) Inverse/Transformed gamma family.
b) limiting distribution ¢) Heavy-tailed distribution

. ‘ . p(w)er®” q'(9) ()
5.4 Linear Exponential Family: f(x;0) = ————. FE[X]|=p0) = ——=. Var(X)=v(0) = .
(@) = B0 BIX] = ) = S Var(X) = (o) = S
Chap 6 Discrete Distributions
(a,0,0) P(z) = Pn(2) par
Distribution | pr, = Pr(N = k) = E[zN] = Zpkzk E[N] Var(N) a b N = ZNi
k= i=1
e MR ; -
Poisson 7 A>0, k=0,1,--- | =D A A 0 A Poi(y \i)
! i=1
T k
Negative (’”’:*1) (%) (i> —r B8 (r—1)8
) ) +8 145 [1—8(z—1)] T3 rB(1+ 5)
Binomial | . 0 B3>0, k=0,1, B
B PC I R 1 -
Binomial k ’ 1+ q(z—1)]™ mq mq(l — q) 1__qq % B Zmi, q
0<qg<l1l, k=0,1,---,m i=1

Geometric is Negative Binomial with r» = 1.
6.6 Truncation and Modification at zero: the (a,b,1) class



class | recursive k subclass Do Pk pgf
b
a7b70 Pk =a+ - k= ]-727 Po Pk P(Z)
S 7] P
Pk b B ZT) Zero— T _ T Dk 7, P(z) —po
a,b,1 pk_l—a+k k=23, Truncated pg =0 pk—l_p0 P (z) = T
(ZM) Zero— M M _ (1 _ .M\, T M _ .M M\ pT
Modified |70 >0 | p'=0=pd")pi | PY(2) =p5" + (1= p")PT(2)
’ Distribution \ Po \ a \ b \ Parameter space ‘
Poisson e~ 0 A A>0
Z'T Poisson 0 0 A A>0
ZM Poisson arbitrary 0 A A>0
o q (m+1)q
Binomial 1—¢™ - 0<gx<l1
U= —a—g o 0
ZT Binomial 0 — (m+la 0oy
(I-q (- g;
ZM Binomial arbitrary — a (m + g 0<g<l1
(1-¢ (1 —1q)
Negative Binomial (NB) (14 8)~" 1 _g 3 Erl"‘l%Z r>0,6>0
r—
ETNB 0 r>-1,r#0,>0
148 1 +16 70,0
7M ETNB arbitrary < f 5 (Tl:L [25 r>—1,r40,8>0
Geometric (1+p8)7t % 0 8>0
ZT geometric 0 % 0 8>0
. . B
M t bit —— 0 >0
geometric arbitrary - ; I6]
Logarithmic 0 1 f 3 1125 8>0
ZM Logarithmic arbitrary 1 _’6_5 1:_ 3 8>0
8.2 Definitions of deductibles
Type variable definition pdf sdf
: YV = fye(y) = Syr(y) =
e | VETNESL g | [ undefined X<d | fx+d) Sx(y+d)
o X —d X >d. Sx(d) Sx(d)
0 X<d fyely) = Syr(y) =
aa L _ Y Y
per-loss Y { X—d X>d fx(y+d) Sx(y + d)
Syr(y) =
: vP = fye(y) = v
Franchise per-payment . 1 y<d
: P LiL undefined X <d fx(y) S
deductible YP =YEYE >0 { X XS4 Sx(d) >d x(y) y>d
@ 0
fye(y) = Syr(y) =
<
per-loss YL—{ g( §;Z { Fx(d) y=0 { Sx(d) y<d
' fx(y) y>d Sx(y) y>d




Type variable cdf hazard Exp loss
ordinary per-payment I;Y?(yiz) — Fy(d) }}YP((ZUJLE) E[X] - E[X Ad]
deductible | YP =YL|YE >0 X X JXWTE)

( )Sx(d) Sx(y+d) PRI 7]
FyL y) = - A
_los h
per-loss Fy(y +d) v (y) = F(d)
Fyr(y) = hy e (y) =
Franchise per-payment 0 y<d YO y<d E[X] - E[X Ad]
deductible | YP =YL|YL >0 x(y) — Fx(d) y>d { hx(y) y>d +d(1 — F(d))
( Sx(d) o
Fyi(y) = hyt(y) =
E[X|—-FEXNd
per-loss Fx(d) y<d 0 y<d [ }_ng) ]—|—d
Fx(y) y>d hx(y) y>d
8.3 Loss Elimination Ratio
ordinary deductible
EIX] - (E[X] - E[X A d])
Loss Elimination ratio _E[X A d]E [X]
__ E[X]

Inflation effects r =inflation rate

E[cost per-loss] (1+7r)(F[X]|-E[XAd/(147)])

E[cost per-payment] (1+7)(E[X]-E[XAd/(1+T1)])

1-F(d/(1+7))
8.4 Policy Limits
Type definition pdf cdf E[cost after inflation]
- fr(y) = Fy(y) =
Pol X X
Oy = S Fx() y<u Fx(y) y<u | (1+7)BEX Au/(1+7)]
limits u X >u.
1—Fx(u) y=u 1 y > u.
8.5 Coinsurance, deductibles, and policy Limits
0 X< d
p 147
YE=S ajl+mnX—d — <X<—
1+7r U 1+7r
—d X > .
o (u ) T 14
Type Per-loss Per-payment
1st moment | E[YY] = a(l+7r) ( B[X A ——] — B[X A ——] E[YP] = BT
N 1+7r 1+7r N

d
1= <1+r>

2 2
, (L4 r)X(E (XA “ ) - E (X/\ d >|
2nd moment E[(YL) ] = . 147 . . 1+7r
u
2 BIX A ] 2 BIXOA )

8.6 Impact of deductibles on claim frequency v =Pr(X >d)=1- Fx(d)

Distribution for N¥ Parameter for N¥

Poisson AT =0vA

ZM POiSSOn )\* _ U)\ pé\/[* _ pgf — 67A + eiv_A)\f péweka

Binomial q* = vgq L=c

ZM Binomial 7 = vg Pl — p — (1 —q™ T (1 - qu:: P —vg)™
Negative Binomial (NB) | 8 = vf r* =r ( )

ZM Negative Binomial | " =vf, r* =r  pi’* = Py —(A+8)" J{f&i@)_’; Py’ (1+vB)"
ZM Logarithmic B =vp Py =1-(1- pé\l)liln((ll—:-vﬁﬁ))




9.1 Aggregate Loss Models

Model Collective Risk Individual risk
definition S=Y",X;, j=12 N S=Y" X;, j=12-.n
1) Conditioned on N =n, X, are i.i.d. r.v.
2) Conditioned on N = n, the common distribution
Assumptions of X; does not depend on n. n is fixed
3) The distribution of N, does not depend on
values of X

9.2 Model Choices

Prefer (1) Scale distributions for severity distribution (2) Models with pgf Py (z; a) = Q(2)® for frequency distribution
(3) infinitely divisible (i.e., o* = (1 + r)«, r =increase rate of business volume, r > —1) frequency distributions (4)
zero-modified even if not in form of (2) above.

9.3 Compound model for aggregate claims S

3 modeling steps (1) Develop model for the distribution of N from data (2) Develop model for common distribution
of X; from data (3) from (1) and (2), Calculate the distribution of S.

Compound distribution S: Fs(z) = Pr(S < z) anFX ), F{"(x) =n-fold convolution of cdf ofX.
n=0
Model Discrete X Continuous X
S FEE V@ -y fx () fo — ) fx(y)dy
FiF () =0 — 2.3,
$=10,17~-~,k:273,--~ F*l() Fx(z)
% (z) = Fx(=)
*(k 1) _ *x(k—1)
Z D) fx () J2 15D (@ - ) fx (9)dy
Y(2) Ol 23 K=2.3,.
rT TS *1(33)=fx($)
(@) = fxlo) ~
0 P(S5=0)=py z=0
fs(@) = 2 ) S po i (a)
n= P f (x x>0
x:O’]_,...’ o X
Ps(z) E[2°] = E[Px(2)"] = Pn [Px (2)]
Ms(z) Py [Mx(2)] Py [Mx(2)]
E[S] fs1 = K1k, = EIN]E[X] , Hs1 = Wity = E[N]E[X] ,
Var(s) fisa = Hnikixo + 2 (W) , s2 = Hyitxa + o (W)
= E[N]|Var[X] 4+ Var[N] (E[X]) = E[N|Var|X]+ Var[N] (E[X])2
E[(S — E[S])®] | pss = pnitixs + 3inalxikixs T bns (Wx1)” | ies = vikixs + 3tnattyibixs + ins (Wyy)®
net stop-loss premium | If Pr(a < S <b)=0,a <d<b If gigg i ];;Z)::Ofk’ Zl;ez?;h];: 0,1,
b—d d—a WY ool — Fs[(m + j)h])
E[(S —d)4] b_aE[(S—a)+]+b_aE[(S—b)+] d=7h, =01,
L . E[(S—(j+1Dh)4] =
linear interpolation E[(S — jh)+] — h(1 — Fs[jh])

9.4 Analytic results for some compound distributions




al with Ezponential Compound Negative Compound
S=>"X; . - ) :
— severity binomial-exponential Poisson
j:
Poisson(\)
Frequency N | general Negative binomial (r, ) \ — Zn: A
j=1
Severity X exponential(6) exponential(f) Fx(z) = Z Tij (z)
j=1
Pyn[M = 1-46 =¥
T A 17]:;"’] PR e))
Mg (2) (1—-0z)—" 5 | eN Limt
=(1+——|1-0(1 -1
(1+ 25 la-0a+ms 1)
I'(n;2/0)
n—1
. y.jefy
1= Z 4!
j=0
[e’e) n—1
yle v
SN
n=1 7=0
n—1 yj 00
(o) Sl S,
=0 7" n=j+1
n—li y]
=1-¢cv) Py
=0
y = /0, n integer
Z Pn, ]:()717
n=j+1
2 (0) (B ) ( )
n=1 B 1 + /8
= ( )Je*I/(e(lJrﬁ))
FS($) Po + anr (n; 5) =0
n=1 if r =1, compound geometrlc
-exponential distribution
B —e/00+8)
1+
gn—le—x/0 1/(1+ﬁ) z=0ifr =1,
fs(@) an T /004D s 0if = 1.
n=1 0 (1 + ﬁ)

9.5 Computing aggregate claims distribution

(1) Approximating distribution (2) direct calculation by n-fold Convolution (3) recursive method

9.6 Recursive methods
N

_ . with (a,b,1) with (a,b,0)
5= Zo X frequency frequency
j=
_ b B b
Frequency N Pe=\a+ % ) PE=1, pr=\|a+ 7 ) PE-1,
k=2,3,4,--- k=1,2,3,4,---
i fx(2) fx(z)
Severity X z=0,1,--- monetary units xz =0,1,--- monetary units
TAm xAm
fo(@) 1= (a+b)po] Fx (@) + 3 _(a+by/a) fxWs(x=y) | D _(a+by/a)fxw)fs(z—y)
’ y=1 y=1
x Am = min(z, m) 1 —afx(0) 1 —afx(0)




Distribution for N [s(0)
Poisson exp(Alfo — 1))
Geometric 1+ 6(1— f N
Binomial 14 q(fo )]m
Negative Binomial (NB) [1 + 80— fo)] "
Afo

ZM Poisson +(1— )eej _}1

. 0
7ZM Geometric +(1-pp )m -~ _
ZM Binomial P+ (1 — iy T q(ff - (11)]_ q_) L

L [L+B8(1-fo)] " —(A+8)""
ZM Negative Binomial M+ (1—pdh) — (115"
1 1-—

ZM Logarithmic pd" + (1= ph") <1 Dol hT(lﬁi 3) fO)]>

9.6.2 Underflow/overflow problems

9.6.3 Numerical Stability

9.6.4 Continuous severity with (a,b,1) frequency class

Volterra Integral equation of the 2nd kind: fg(z) = p1fx(x) + fow (a + bg) Ix()fs(z—y)dy
x

9.6.5 Constructing Arithmetic Distributions

Discretizing (arithmetizing) a continuous distribution: 2 methods.

Method of rounding
(mass dispersal)

Method of local
moment matching

round to midpoint of interval

matches p moments of

rationale h = span severity distribution.
h h
PriX<c-|=Fx|zs~—

fo r< < 2) X (2 0)
h h
Pr(jh— =< X <jh+ =

fi T sasanT 2)

j=1,2,-

. h . h
=Fx <]h+2> - Fx (]h—2>

last point f,

1— Fx[(m —0.5)h —0]

System of

p + 1 equations.
T:071727"' P

P
=0

—0 = discrete probability at x; included
discrete probabﬂity at z + ph excluded

fwk +ph—

P 0 x"dFx(x)

k
m;

j:O71a"'7p

fﬁkﬁLPh*O
xr—0

Zhde( )

I1 (J'—Z)h

i#J

9.7 Impact of individual policy modifications on aggregate payments

Fyi(y) = (1 —v) +vFyr(y),y >0, 1—v="Pr(Y"=0)= Fyr(0)
My (z) = (1 =)+ vMyr(z) = E[e?¥" ]| = E[e¥"|YE = 0] Pr(YE = 0) + E[eY " |YL > 0] Pr(YL > 0)
Pyr(z) = Pyr(1 —v +wvz)
per-loss per-payment
g { 0 NI =0 0 NP =0
B YE+YE 4+ 4+ YE YP+YP+- 4+ Y

Ms(2) | Ele*>] = Pyt (Myr(2)) E[e*®] = Pyr(Myr(2))

Py (Myw(z)) = Pyr(Myr(z))

= Pye((1—v) + vlyr(2))

9.8 Individual Risk Model S =77_, X




life-insurance other insurance

1—¢q¢; z=0 T
fXJ('T) { q; {I;:bj X] 7I]B]
. T—q, i=0
ij(l) { q; v i=1
fB,() _ any distribution n
BlS] Zj:l bjq; Zj:l E[Bjlq; = Zj:l ;95

> [Var[Bjla; + E[B)]q; (1 — q5)]

n 2 X _ .
Var(8) | 2j=1b54; (1~ 0)) =2 [ofe +uie (1 —q))]

n

Py (2) Jl;[l (1 —q + qubj)
(I+q(z-1)" ifbj=1g=q |
Mg(z) IT (1= a5 +a;Mz, ()

9.8.2 Parametric approrimation

Normal Approximation Pr(S > so) =Pr | Z > so— ElS]
Var(S)

Chap 10 Review of Mathematical Statistics
10.2 Point Estimation

Quality Definition
Measures
unbiasedness E[0|6] = 0, for all 0
bias;(0) E[610] — 0
Asymptotic . ~
. lim FE[0,]0] =6, for all 6
unbiasedness n—>00
consistency . ~ .
(weak consistency) nll»n;o Pr ( 0, — 9‘ > 5) =0, for all 6 > 0 and any 6
= )
Mean Square Error E[(0 - 9) 6]
MSEg (9) = Var(9)6) + (biabszg\(ﬁ))2
Uniformly minimum variance unbiased and
unbiased estimator (UMVUE) smallest variance

10.3 Interval Estimation

A 100(1 — )% confidence interval for parameter 6 is a pair of random values, L and U, computed from a random
sample such that Pr (L <0 <U) >1— « for all 0.

10.4 Hypothesis tests

Hypothesis: Null Hy  Alternative H;

Significance level a: Pr(Type 1 error)=max Pr(reject Ho|Hj is true).

Uniformly most powerful hypothesis test: test with smallest @ and smaller Pr(Type 2 error).

p-value: Pr(Test statistic in disagreement with Hy|Hj is true)

Rule Decision
Test statistic in CR | reject Hy
p-value< « reject Hy

Chap 14 Frequentist Estimation for Discrete Distribution Models

L:HpZ"’ l:anlnpk
k=0 k=0



Method of

Model Moments l mle Variance
[e o]
>
- > > ~ 1< ~ A
14.1 Poi A=z =" -\ kny, In X — In k! A== knpy=7 | Var(\) ==
oisson T = n—l—z ny In an n - Z ng =71 ar(X) -

Z N k=0 k=0 k=0
k=0

- (" +k-1 R

Z T 111 k [j : 3/7/"\

14.2 Negative rB=% 0

Binomial rB(1 4+ B) = s2 o0
. 7 _an [(r+Ek)In(l1+ B) — kInpg] solved
_ k=0 _
ank an [ln( >+klnq:| , Z/mk
14.3 Binomial mg = = g= Li=o
m
an +an(m—k)ln(1—q) an
k=0 k=0 pors
lo + 11,
lO*nOhlp[+ nkln 1—p AM:@
14.4 (a,b,1) class 0 Z o) Do
> a,b from max(l;)
L= an Inpr —In (1 —po)]
éﬁo:l
| = 1 - P
14.5 Compound kZ:O”k NGk, 9o 1(0)

Models gr = probability of a
compound distribution
14.6 Exposure Effects on Maximum Likelihood Estimation

A =poisson parameter for single exposure. e =year k exposures.
m =3 of years in data.

ng =number of claims. Then, number of claims has Poisson distribution with parameter Aeg.

m —ek )\ "k m N m
L= H e’“ o 1= [Fder Fueln(der) — ()], A= Zk;l::
k=1 k=1

Chap 17 Introduction and Limited Fluctuation Credibility
Credibility: how much trust (or belief) you can put on a policyholder’s past claims. Z =credibility factor
Credibility Situation Past claims X Manual rate M Credibility Premium P,

Zero Credibility 0% 100% P.=M
Partial Z % 100% (1 Z)  100% P.=ZX +(1—-2)M
Full Credibility 100% 0% P.=X

17.3 Full Credibility:

Pr(—ré < X — € <ré) > p. (17.1) Pr < f/\_/é < Tgf) Yp = irylf {Pr < f/\_/g < y> > p} (17.2)
X —-¢ _ o T _/n
Pr (0/\/> )—p (17.3) Egy—pzn— e (17.4)
2
Var(X) = % < " (17.5) n > Ao <2> . (17.6) yp = P71 (1—;—p> . usual r = 0.05, p=0.9.

17.4 Partial Credibility:

=ZX+(1- =L Cmind & i [
P.=ZX+(1-2Z)M, (17.7) Z_n—&—k’ (17.8) Z—mm{a )\0,1} m1n< A002/§2’1> (17.9)

Chap 18 Introduction and Limited Fluctuation Credibility
18.2 Conditional Distributions and Ezxpectation
x)=[ fxv(@|y) fy (y)dy (18.1) E(X|Y =y) = [2fx)y(zly)dz (18.2)
E[E(X|Y)] = E(X) (18.3) E{FEh(X,Y)|Y]} = E[h(X,Y)] (18.4)
Var(X|Y)=E{[X — E(X|Y)]*|v'} (18.5) Var(X) = E[Var(X|Y)] + Var[E(X|Y)] (18.6)
18.3 The Bayesian Methodology




) = J [ {1 fxjo(i0)]| w0 (80 Je e = s [ et o] soa s

S
ra(0x) = 80 T i pa(elo)] <0)  (1s9)

S 1x (Enga|x) = fxnme(l"nﬂ|9)7Te|x(9|x)d9 (18.10)

Hypothetical Mean: 1, ,1(0) = E(X,41|0 =0) = [2ni1fx, 1 j0(@nt1]0)dzn g1 (18.11)

Bayesian Premium: E(Xp,41|X =x) = [@n41fx, 0 x (@ns1[X)dznir = [ 1,1 (0)moix (0]x)do (18.12&13)
18.4 Credibility Premium

2
Q= E{ o41(0) — a0 — éajxj] } (1814)  E(Xur)=do+ L GE(X;)  (18.15)

j=1
n
Credibility Premium: P, = &g+ Y &;X; (18.18)
j=1

Q1=F

18.5 The Biihlmann model
w= E[u(0)] (18.21) v = E[v(0)] (18.22) a = Var[p(0)] (18.23)

Jj=1

2 2
E (Xn+1|X) — Qo — ianj] } (1819) Qg =F [(Xn+1 — oy — zn:Oéij> ] (1820
j=1 j

E(X;) = E[E (X;]0)] = E[p(©)] =p  (18.24)
Var (X;) = E[Var (X;|0)] + Var[E (X;|0)] = E[v(0)] + Var[u(©)] = v +a. (18.25)
Cou(Xi, X;) = E(XiX;) - BE(X:))B(X;) = E[E(X,, X;]0)] — pi* = E[E(X;|0)E(X;|0)] — {E [u()]}?
= B{{mO)} —{E (O]}’ = Var[u(®)] = a (18.26)

Credibility Premium: P, = aq + E a; X;=ZX+(1-Z)p (18.27)

n v [Var (X |©)]

7 = 18.2 k=—=_— "SI0 (182

ik 182 ¢ ValExe) 18
18.6 The Biihlmann-Straub model — m =", m;
iaj —1- @ (18.30) @i = Y1 zaj> = 2%, i=1,.n  (1831)
: v : v
ao + Zaj —ZX+(1-Z)p  (1832) X=13 ﬂ;;X (18.33)

j=1
2
noms o v(f) 1 m

X =—2="2 7z — 18.34

Var (X16) = %05 = = Trofm) ~mrofi@ o

18.7 Exact Credibility - if Bayes premium=credibility premium

Linear exponential family: ;(0) = E(X;|0 = 0) = (qegz 5 183

(o) = 40 C(f:’:)w) W) g<o<o,  (18.36)

o= B = —ame. s B = Sk - 0L s
If :((le)) = :,((Z‘;)) (18.39) —  Eu(©) =4  (18.40)

Posterior distribution in Buhlmann situation: fy | (x;]6) = W

Tox (0]x) = [q(a)]z;j;j)w)rw) (1841)  hk.=k+n  (18.42)

u, =2 : :LL :f (1843)  E(Xni1|X =) =, + Wif;,(feo!;( ) _ ﬂi*’;,((%l';{) (18.44)

1f W@L’/‘((Qio)m - ﬂe:f((:ll)x) (1845) —  E(Xpu|X=x)=p, =" ZI:E (18.46)

gk e—nko

0

For fx,e(z;]0) = e =07 w(0) =
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ellfe—ukél _ elge—ukeg Hlf*e_“*k*el _ eloc*e—p*k*ao

Eu®)] =p+ (1848)  E(X,u1|X=x)=p, + (18.49)
k [y themwhtdt ! b [ theempahett
ik (k)" e 1
NHn=—r2 - 9 18.
() NCESI >0 (18.50)
(6 (6 (0 (6
B[0(©) + [1u(00) 1] 0 a(02) — ] T E[(0) + u(B) T — () T
k= r(6) ) _ r(6) "0) (1s5105)
E{[u(©) — pl?} Var [1(©)]
Chap 19 Empirical Bayes Parameter Estimation
19.1 Ilntl:oduction | oo
X==YmX;=—Y>mi;X;; (19.1) P, =2ZX;i+(1—-Z)p, i=1,..r (19.2)
mi=1 mi=1j=1
~ . . - my
P.=7ZX,+(1—-2Z)j, 19. Z;=—
L= 2K+ (- Z0p, (19.3) T
19.2 Nonparametric estimation
k . k ) _ 9 1k . )
Z(YJ—Y) :Z(Yj—,u) —k(Y—u) . (19.4) E EZ(J_Y) =0 (19.5)
Jj=1 J=1 Jj=1
1 n _ 1 T 1 T n _ .2
U; = Xii—X; 1 0= - U; = Xii—X 19.
BT 1];1 (X i) (19:6) v TZ;% r(n— 1)12,]2::1 (X3 0 (19-)
1 r B o o 1 r B o 1 r n 9
a = X, —X) ——= X, —X) — Xii—X; 19.
@ 7‘—1;( ) n r_1¢:1( ) rn(n—l);;( J ) (19.8)
R B k 5 k 9
p=X (19.9) Zlmj (X; - X) = Zlmj (X; =)™ —m (X —p)". (19.10)
j= j=
n; 2
n - n i mij (Xij — X |
E|>m; (X, - X)Q] =3 (m —m~! Em?) +a(n—1) (19.11) O; 2= ( 1J ) , i=1,..r (19.12
j=1 j=1 ng —

(19.13)

Var (X;) = Var[E(X;]0,)] + E[Var(X;|0;)] = Var[n (8;)] + E {Uﬁ?z)} =a+ mi (19.14)

i=1 =1

o= <m—m_lzr:m?) - [ijmi (X — X)? = o(r — 1)] (19.15)

TL =3, miX; TP =3 _,m; (ZJ—Q +(1 - Zi)ﬂ) =i miXi + Y mi——=

Chap 20 Simulation
20.1 Simulation Approach
Step 1) Build a model of S that depends on random variables r.v. X, Y, Z,...., where their distributions and dependencies
are known (chap 5 & 9
Step 2) For j = 1,...,n generate pseudo-random r.v. z;, ¥;, Zj,...., and then compute s; using model in step (1)
Step 3) The cdf of S may be approximated by F,(s), the empirical cdf based on the pseudo-random samples s1, ..., s,
Step 4) Compute quantities of interest, such as mean, variance, percentiles, or probabilities, using empirical cdf.
20.2.1 Discrete miztures Fy (y) = a1Fx,(y) + a2 Fx,(y) + ... + ap Fx, (y).

It may be difficult to invert this function, but it may be easy to invert the individual cdfs. This suggest a two-step
process for simulating from a mixture distribution.
1. Simulate a value from the discrete random variable J where Pr(J = j) = a;.
2. Use an appropriate method (usually inversion) to simulate an observation from a random variable with distribution
function Fx, (y).
20.2.2 Time or age from a life table

Simulating multinomial probabilities step-by-step for each category, utilizing the property that the conditional distri-
bution of one multinomial category given the other category is binomial distribution.
20.2.3 Simulating from the (a, b, 0) class

11



The process is in general, noting that the first event carries an index of 0, the second event an index of 1, and so on:
1. Simulate the time of the first event as an exponential variable with mean 1/Ag. Determine this time as

to = —111(1 — UO)//\Q7

where ug is a pseudo-uniform random number.
2. Let tx_1 be the time of the most recently simulated event. Simulate the time to the next event using an exponential
variable with mean 1/Aj. Determine this time as s, = —In(1 — ug)/Ax.
3. The time of the next event is then ¢, = tx_1 + sg.
4. Repeat steps 2 and 3 until ¢, > 1.
5. The simulated value is k.
20.2.4 Normal and lognormal distributions
A) Inversion Method
B) A simple alternative is the Box-Muller transformation.
1. The method begins with the generation of two-independent pseudouniform random numbers u; and us.
2. Then two independent standard normal values are obtained from

z1 =/ —21In(uy) cos(2muz) and z1 = v/ —21In(uy) sin(27wus).

C) An improvement is the polar method, which also begins with two pseudouniform values. The steps are:
1. Calculate z1 = 2u; — 1 and 25 = 2uy — 1.

2. Calculate w = 2% + 23.

3. If w > 1, repeat steps 1 and 2. Else proceed to step 4.

4
5

. Calculate y = /—21n(w)/w.

. Calculate z; = z1y and zo = z2y.

20.3 Determining the Sample Size

0.01p 0.01p
=1 20.1 — =

0'/\/’ﬁ 967 ( 0 ) J/\/ﬁ a2

20.4.5 Statistical Analyses R

Boostrap MSE: MSE;(0) = > P(Data)(6 — 6)*

all bootstrap data

0.01q

Solve for n: (20.1a) (20.1b)
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