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L.0 Let 
[image: image1.wmf],

(,)2,

XY

fxy

=

 
[image: image2.wmf]01.
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 (Text p109-110)
a.  Evaluate 
[image: image3.wmf](,)

fxydydx

òò

 on the subset 
[image: image4.wmf]{(,):0, 1}.
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b. Let 
[image: image5.wmf]()
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be the Cumulative Probability Distribution Function (CDF)  of 
[image: image6.wmf]X

at 
[image: image7.wmf].
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 Prove that  
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c. Determine that the probability density function of 
[image: image9.wmf]X

is given by 
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 and the function vanishes elsewhere.
d. Prove that 
[image: image11.wmf]1
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e. Evaluate 
[image: image13.wmf](,)

fxydydx
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 on the subset 
[image: image14.wmf]{(,):0, 0}.
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f.  Let 
[image: image15.wmf]2

()

Y

Ftt

=

be the Cumulative Probability Distribution Function ( CDF) of 
[image: image16.wmf].
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 Prove that  
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g. Determine that the probability density function of 
[image: image18.wmf]Y

is given by 
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 and the function vanishes elsewhere. 

(Notice that we do not want to include 
[image: image20.wmf]0
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h. Prove that 
[image: image23.wmf]2
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i. Prove that 
[image: image25.wmf]1
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j. Are 
[image: image28.wmf]X

and 
[image: image29.wmf]Y

independent?

k. Prove that the Cumulative Probability Distribution Function (CDF)  of 
[image: image30.wmf]X

and 
[image: image31.wmf]Y

 is given by
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Case: 
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Draw a unit square in the positive quadrant. Also draw an equiangular line 
[image: image35.wmf]yx

=

. Consider a moving point 
[image: image36.wmf](,)

Mab

in the top-left side of the unit square. Let a perpendicular line be drawn from the  moving point 
[image: image37.wmf](,)

Mab

to 
[image: image38.wmf]-axix

x

so that it intersects the equiangular line at 
[image: image39.wmf](,).
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 Another perpendicular line is drawn from 
[image: image40.wmf](,)

Mab

 to 
[image: image41.wmf]-axix

y

intersects at 
[image: image42.wmf](0,).
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 Then the non-zero measure of probability occurs on the trapezium 
[image: image43.wmf].
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[image: image45.wmf]01, 01.
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By changing the notation, we have 
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Alternatively, 
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The integral is the area of the trapezium 
[image: image49.wmf]OAMB

 which is 
[image: image50.wmf]11
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Case: 
[image: image51.wmf]0.
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Draw a unit square in the positive quadrant. Also draw an equiangular line 
[image: image53.wmf]yx

=

. Consider a moving point 
[image: image54.wmf](,)

Mab

where
[image: image55.wmf]0.
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 Let a perpendicular line be drawn from the  moving point 
[image: image56.wmf](,)

Mab

to 
[image: image57.wmf]-axix

x

so that it intersects 
[image: image58.wmf]1
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 line at 
[image: image59.wmf](,1)

Ba

 and the equiangular line at 
[image: image60.wmf](,).
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 Another perpendicular line is drawn from 
[image: image61.wmf](,1)

Ba

 to 
[image: image62.wmf]-axix
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 which intersects at 
[image: image63.wmf](0,1).
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 Then the non-zero probability measure occurs on the trapezium 
[image: image64.wmf].
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[image: image66.wmf]01, 01.

ab

££££

 

By changing the notation, we have 
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Alternatively, 
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The integral is the area of the trapezium 
[image: image70.wmf]OABC

 which is 
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L.1 Let 
[image: image72.wmf]X

and 
[image: image73.wmf]X

be independently random variables with probability density functions
[image: image74.wmf]2
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  and 
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a. Prove that the probability density function of 
[image: image76.wmf]/
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 is given by 
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b. Evaluate that 
[image: image78.wmf]()1/2.
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(Pestman, Wiebe R. and Albernik, Ivo B. (1998, 17-18)).

L.2 Let 
[image: image79.wmf]X

and 
[image: image80.wmf]X

be independently random variables with probability density function
[image: image81.wmf],

(,)(),

XY

fxyxy
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on 
[image: image82.wmf][0,1][0,1],
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and 
[image: image83.wmf],
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XY
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elsewhere.

a. Prove that 
[image: image84.wmf]1

()(1),

2

PXaaa

£=+

 where 
[image: image85.wmf][0,1].
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b. Prove that the probability density function of 
[image: image86.wmf]X

is 
[image: image87.wmf][0,1]
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c. Prove by integration or by arguing on symmetry of the joint density function  that  
[image: image88.wmf]()1/2.
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(Pestman, Wiebe R. and Albernik, Ivo B. (1998, 18-19)).

L.100 A soft drink machine has a random amount 
[image: image89.wmf]Y

in supply at the beginning of a given day and dispenses at random 
[image: image90.wmf]X

during the day (with measurements in gallons). It is not resupplied during the day, and hence 
[image: image91.wmf].
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 It has been observed that the joint probability density function of 
[image: image92.wmf]X

and 
[image: image93.wmf]Y

with non-zero measure is given by 

[image: image94.wmf],
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[image: image95.wmf]02.
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a. If the supply where 2 gallons, what is the probability that the dispensed amount did not exceed 0.5 gallon?
b. If the supply where 1.5 gallons, what is the probability that the dispensed amount did not run short?

c. Prove that 
[image: image96.wmf]()0.5,

Y
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[image: image97.wmf]02.
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d. Prove that 
[image: image98.wmf]|
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e. Argue that 
[image: image100.wmf]|
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 is undefined for 
[image: image101.wmf]0,
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 or, 
[image: image102.wmf]2.
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f. Prove that 
[image: image103.wmf](0.5|1.5)0.3333.
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(Wackerly, Mendenhall and Scheaffer, 2008,  241)
L.101 Let 
[image: image105.wmf]X

denote the concentration of a certain substance in one trail of an experiment, and 
[image: image106.wmf]Y

the concentration of the substance in a second trail of the experiment. It has been observed that the joint probability density function of 
[image: image107.wmf]X

and 
[image: image108.wmf]Y

with non-zero measure is given by 
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[image: image110.wmf]01, 01.
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a. Evaluate 
[image: image111.wmf](0.25, 0.50).
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b. Evaluate 
[image: image112.wmf],
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[image: image114.wmf]()
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c. Prove that 
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Bain and Engelhardt (1992, 145).
d.  Evaluate 
[image: image116.wmf](01, 01).

PXyY

££-££


e. Check that the probability for the both trials of the experiment average concentration is less than 0.05 is 1/6.

f. Are 
[image: image117.wmf]X

and 
[image: image118.wmf]Y

probabilistically independent?

L.103 
[image: image119.wmf]/
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[image: image120.wmf]0,0,
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 and the function vanishes elsewhere.
Derive marginal probability density function of 
[image: image121.wmf],

Y

 conditional density function of 
[image: image122.wmf]X

given 
[image: image123.wmf],

Yy
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 and the conditional cdf of 
[image: image124.wmf]X

given 
[image: image125.wmf].
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(Ross, 2010, 267).
Solution: 
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Note that 
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L.104 
[image: image130.wmf]2
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[image: image131.wmf]01,01,
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 and the function vanishes elsewhere.

Derive marginal probability density function of 
[image: image132.wmf],
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 conditional density function of 
[image: image133.wmf]X

given 
[image: image134.wmf],
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 and the conditional cdf of 
[image: image135.wmf]X

given 
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Solution:
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Note that 
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L.3 Let 
[image: image144.wmf]X

and 
[image: image145.wmf]X

be joint random variables with probability density function
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a. Prove that 
[image: image147.wmf](),
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 for 
[image: image148.wmf][0,1].
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b. Also prove that 
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c. Prove that 
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d. Prove that the cumulative probability function of 
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is given by 
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Solution: If 
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e. Determine the probability density function of 
[image: image169.wmf].
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f. Evaluate that 
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(Pestman, Wiebe R. and Albernik, Ivo B. (1998, 19-20)).

L.4 Let 
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and 
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be independently and identically distributed random variables with probability density function
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a. Determine the cumulative probability function of the variable 
[image: image174.wmf]/.
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Solution: If 
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b. Determine the probability density function of 
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c. Evaluate that 
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(Pestman, Wiebe R. and Albernik, Ivo B. (1998, 20-21)).
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