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P1, Q1 2
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Problem 1:

Consider Problem (2.2) in [1]. This problem defines a semigroup Sϵ(t) on H0
ϵ . We admit

that Sϵ(t) has an absorbing set B3 in H2
ϵ . We also admit that the semigroup S(t) of the

unperturbed problem (cf. (2.1) in [1]) has an absorbing set B in H3 ×H2.

1. Show that there exists c > 0 independent of ϵ such that ∥Sϵ(1)z∥H1
1
≤ c, for any z ∈ B3.

2. Show that if (u0, w0) ∈ B then the solution (ϕ, u) satisfies
∫ t

0
∥utt∥2ds ≤ c(t), ∀t ≥ 0.

3. Show that
∥Sϵ(t)(u0, w0, u1)− S0(t)(u0, w0,L(u0, w0))∥H0

1
≤

√
ϵc(t),

for every (u0, w0, u1) ∈ B̃3 = Sϵ(1)B3.

4. Let t1 > 0 such that Sϵ(t)B3 ⊂ B3, ∀t ≥ t1. We admit that Sϵ(t) : [t1, 2t1] × B3 → B3 is
Hölder continuous. We also admit that Sϵ(t)z1−Sϵ(t)z2 = z1(t)+z2(t), and zi = (ui, wi, uit),
i = 1, 2, such that

∥z1(t)∥H0
ϵ
≤ ce−c′t∥z1 − z2∥H0

ϵ
(1)

∥z1(t)∥H1
ϵ
≤ cec

′t∥z1 − z2∥H0
ϵ

(2)

for any zi = (ui, wi, u1i) ∈ B̃3 and any t ∈ [t1, 2t1].

Apply [1, Theorem 5.1] to deduce that, for every ϵ ∈ [0, 1], Sϵ(t) has an exponential attractor

Mϵ on B̃3, and that the family {Mϵ}ϵ>0 is continuous at ϵ = 0.

Problem 2:

Consider the singularly perturbed Cahn-Hilliard equation on Ω = (0, L) or (0, L)× (0, L)

ut −∆(ϵut −∆u+ g(u)) = 0, (3)

∂nu|∂Ω = ∂n∆u|∂Ω = 0, (4)

where ϵ ∈ [0, 1] and g(u) = u3 − u.
When ϵ = 0 the problem has an inertial manifold in the form

M = {p+ Φ(p), p ∈ PHα},

for every α > 0, where

Hα = {ψ ∈ L2(Ω), | 1

|Ω|

∫
Ω

ψdx| ≤ α}

and P an orthogonal projection of finite rank.

1.) Show that Problem (3)-(4) has an inertial manifold in Hα of the form

Mϵ = {p+ Φϵ(p), p ∈ PHα}



2. Show that there exists C > 0 such that, for every ϵ ∈ [0, 1],

∥Φϵ(p)− Φ(p)∥ ≤ Cϵ,

for any ∥p∥ ≤ c. Hint: borrow ideas of the proof of [2, Theorem 7.1].
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