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Problem 1:

Consider Problem (2.2) in [1]. This problem defines a semigroup S.(t) on H?. We admit
that S.(t) has an absorbing set Bz in H2. We also admit that the semigroup S(t) of the
unperturbed problem (cf. (2.1) in [1]) has an absorbing set B in Hs x Hs.

1. Show that there exists ¢ > 0 independent of € such that [|Sc(1)z[[;n < ¢, for any z € B;.
2. Show that if (ug, wp) € B then the solution (¢, u) satisfies fot |luw]|?ds < e(t), Vt > 0.

3. Show that
[1Se () (w0, wo, u1) — So(t) (uo, wo, Lo, wo))lle < Vec(t),

for every (ug, wg, u1) € By = Se(1)Bs.
4. Let t; > 0 such that S.(t)Bs C Bs,Vt > t;. We admit that S.(t) : [t1,2t;] X B3 — Bjs is

Holder continuous. We also admit that S(t)z; — Sc(t)ze = 2 (t) +22(t), and 2* = (u’, w, ul),
1 = 1,2, such that

o < o121 — 2y (1)

e [ (2)

I12(2)
()

for any z; = (u;, w;, uy;) € B; and any t € [ty, 2ty].

Apply [1, Theorem 5.1] to deduce that, for every € € [0, 1], S.(¢) has an exponential attractor
M. on Bs, and that the family { M.} is continuous at € = 0.

Problem 2:

Consider the singularly perturbed Cahn-Hilliard equation on 2 = (0, L) or (0, L) x (0, L)

up — Aleuy — Au+ g(u)) = 0, (3)
&ﬂilag = 8nAu’aQ = O, (4)

where € € [0,1] and g(u) = v® — u.
When € = 0 the problem has an inertial manifold in the form

M ={p+Q(p), p € PH,},

for every a > 0, where
= {¢ € L*(Q ’Q’/@Dd:c|<a}
and P an orthogonal projection of finite rank.

1.) Show that Problem (3)-(4) has an inertial manifold in H, of the form

Me = {p+ (Pe(p)a pE PHa}



2. Show that there exists C' > 0 such that, for every € € [0, 1],
1®(p) = (D)l < Ce,

for any ||p|| < ¢. Hint: borrow ideas of the proof of [2, Theorem 7.1].
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