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Question 1                                                                                                            (14 points) 

a. Let  𝐴 = (
−1 3 0
3 −2 1
0 1 2

) , use the Guaussian elimination method to find 𝐴−1. 

b. Use  (a) to solve the system 

{

−𝑥1 + 3𝑥2         = 1
3𝑥1 − 2𝑥2 + 𝑥3 = 0
            𝑥2 + 2𝑥3 = 0

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



points) 14(                                                                                                            Question 2 

Let 𝐴 = (
1 0 7
0 1 0
7 0 1

) 

a) Find all eigenvalues of 𝐴 and the corresponding eigenvectors. 

b) Find a matrix 𝑷 that diagonalizes 𝐴. 

c) If 𝐷 = 𝑃−1𝐴𝑃, find 𝐷4 and write a formula to evaluate 𝐴4.(Do not calculate 𝐴4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



points) 14(                                                                                                            Question 3 

Find ∮ (−𝑥𝑦)𝑑𝑥 + (𝑒−𝑦2
)𝑑𝑦

𝐶
,  where 𝐶 is the positively oriented closed path 

consisting of the quarter circle joining the points (2,0), (0,2), the line segment 

joining the points (0,2), (−2,0), and the line segment joining the points 

(−2,0), (2,0). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



points) 14(                                                                                                            Question 4 

Let  𝐅(𝑥, 𝑦, 𝑧) = 𝑥𝑦2𝐢 + 𝑦𝑥2𝐣 + 𝑥𝑦𝐤 be a field and 𝑆 be the surface enclosing the 

volume between the paraboloids 𝑧 = 4 − 𝑥2 − 𝑦2  and  𝑧 = 1 − 𝑥2 − 𝑦2 and 

above the 𝑥 − axis.  

Find the flux  ∬ F. n dS
𝑆

, where 𝐧 is the outer unit normal vector to 𝑆. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



points) 14(                                                                                                            Question 5 

a. Let 𝑓(𝑧) = 𝑥2 − 𝑥 + 𝑦 + 𝑖(𝑦2 − 5𝑦 − 𝑥). Show that 𝑓(𝑧) is differentiable at 

     𝑧0 = 3 + 5𝑖 and find 𝑓′(𝑧0). 

b. If 𝑓(𝑧) = 𝑒𝑥 cos 𝑦 + 𝑖𝑣(𝑥, 𝑦) is an analytic function for any 𝑧. 

     Find 𝑣(𝑥, 𝑦) and write 𝑓(𝑧) in terms of 𝑧. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(14 points)                                                                                                            Question 6 

a. If ln(−𝑒𝑖) = 𝑎 + 𝑖𝑏, find 𝑎 and 𝑏. 

b. Solve: 2cosh z + sinh 𝑧 = 2. 

c. Show that 𝑖𝜋 is a period for the periodic function 𝑓(𝑧) = tanh 𝑧. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(14 points)                                                                                                            Question 7 

Use Cauchy’s integral formulas to evaluate 

𝐼 = ∲
𝐶

sin 𝑧

𝑧4+𝑧2
𝑑𝑧 , where 𝐶 is the circle |𝑧 − 𝑖| =

3

2
 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(14 points)                                                                                                            Question 8 

Let  𝑓(𝑧) =
𝑒−𝑖𝑧2

−1

𝑧5
 . 

a. Find the Laurent series in |𝑧| > 0 and classify its pole. 

b. Use the result in (a) to find ∳
𝐶

𝑓(𝑧)𝑑𝑧, where C is given in the adjacent figure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(14 points)                                                                                                            Question 9 

Use the residue theorem to evaluate  

∳
𝐶

 
𝑒𝑧−1

𝑧2(𝑧−1)2
𝑑𝑧, where 𝐶 is the circle |𝑧| = 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(14 points)                                                                                                          Question 10 

Compute   ∫
2𝑥2−1

𝑥4+5𝑥2+4
𝑑𝑥

+∞

−∞
 . 

 

 

 

 

 

 

 

 

 

 

 


