King Fahd University of Petroleum & Minerals
Department of Mathematics and Statistics
MATH 301 — Methods of Applied Mathematics
FINAL EXAM
2014-2015 (141)

Tuesday, December 30, 2014 Allowed Time: 150 min.

ANSWER KEY

Instructions:

1. Write neatly and legibly. You may lose points for messy work.

2. Show all your work for written questions. No points for answers without justification.
3. Calculators and Mobiles are not allowed.

4. Make sure that you have 11 different problems (6 pages + cover page).

WRITE ANSWERS TO MCQ HERE:
MCQ Q1 [ Q2 | Q3 |/0Q4 Q5| Q6| Q7| Q8
ANSWER | A | A | A | A | A | A | A | A

Problem No. Points Maximum Pts
MCQ 64
9 28
10 22
11 26
Total 140
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Q1 8pts): If f(t) =L7? {SZ_4S+3
(A) 2 B)1 (C) -2 (D) 4

}, then f(0) is equal to

s
S2425+2

Q2 8pts): If f(t) =L71 { }, then f(%) is equal to

(A) 0 (B)vZe (C)5es

Q3 8 pts): If F(s) =L {fot e3% cos 2(t — 1) dr}, then F(4) is equal to

(A) < (B) = (€)= (D)

1T
(D)ﬁe‘*
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(E) 0

(E)e ™

(B) =
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Q4 (8 pts): If % + Y o-1(a, cosnmx + b, sin nmx)

is the Fourier series of f(x) = x + 1 on the interval [—1,1], then ay + a; + b, is equal to

2m—1 -1 2m?-2 2m+1 2m—2
(A) — (B) — (©) — (D) — (B) —
AUyp = Uy, 0<x<1 t>0
Q5 (8 pts): If the solution of the BVP u(0,t) =0, u(1,t) =0, t>0

u(x,0) =0, u(x,00=9, 0<x<1
is given by u(x,t) = Y.o-1 B,, sin 2nmt sin nmx, then the value of B; is equal to

(A) = (B) = (€)= (D)= (B) =

_ . . _ (0, -1<x<0
Q6 (8 pts): If Y7, C,, P, (x) is the Legendre series expansion of f = {4x2, 0<x<1

then the value of C, is equal to

(A)7 (B) > (©) = (D)7 (E)7
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Q7 (8 pts): Consider the regular Sturm-Liouville problem
x?y" + 5xy’ + Ay = 0, y(1) =0,y(2) =0
and let y,, and y,,, be two eigenfunctions corresponding to two different eigenvalues.

Which of the following is true?
(A) [ %3y () (X)dx = 0 B) J,” Yn () ym(x)dx = 0
(©) [/ 2y () ym (x)dx = 0 (D) J; = ¥ ()Y (x)dx = 0

(E) flz xzyn(x)ym(x)dx =0

Q8 (8 pts): Consider the following Laplace’s equation in cylindrical coordinates
d0%u N 10u N d0%u
or? ror 0z?

Using the separation of variables u(r, z) = R(r)Z(z), with a separation constant —a?, a

=0, 0<r<1,0<z<l1

bounded product solution of this PDE is given by
(A) u(r, t) = (¢, coshaz + ¢, sinhaz)jy(ar)  (B) u(r, t) = ce®ZJy(ar)
(O u(r,t) = (c; cosaz + ¢, sinaz)jy(ar) (D) u(r,t) =r%(cy cosaz + ¢, sinaz)

(E) u(r,t) =r%(cy cosh az + ¢, sinh az)
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Q9 (28 pts): Use the method of separation of variables to solve the heat equation

o7u = ou 0<x< t>0
9x2 o’ xS
Subject to u(0,t) =0, u(mt) =0, t>0
u(x,0) = f(x), O<x<m
Solution:
" ’ X T
Let u(x,t) = X(x)T(t) = XT=XT =~ == -2
eu(0,t) =0=XO0)T(t)=0=X(0)=0
eu(mt) =0=>XMT({t)=0=X(m)=0
(D= -2= = T(t) = ce™™
@ =-2=x"+2X=0,  X(0)=0andX(m) =0
Solving (2): m*4+1=0=m=+V-1

@Case: -A=0=m=0,0= X(x) =c; +c,x

e X(0)=0=c¢ =0=X(x) =cyx

e X(m)=0=c,m=0= ¢, =0= X(x) =0 the trivial solution

@Casel: =1 >0, soweput-A=a2(a>0)=m=+Va? =q,—a
= X(x) = ¢; coshax + ¢, sinh ax

eX(0)=0=c¢;, =0= X(x) =c,sinhax

e X(m) =0 = c,sinhar =0 = ¢, = 0 = X(x) = 0 the trivial solution

@ Case [II: =1 < 0, sowe put-1 = —a? (a > 0) = m = +V—a? = +ai
= X(x) = ¢y cosax + ¢, sinax

eX(0)=0=c¢; =0= X(x) =c,sinax

e X(m) =0 = c,sinamr = 0 = we take ¢, # 0 and sinar = 0

San=n"r=—a =n, n=12,3,..
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=> the eigenvalues are 1,, = n? and the nontrivial solutions are
X, (x) = ¢, sinnx

Now, we use A, = n? in (1) to get T,,(t) = ce ’t
So, product solutions are

u,(x,t) =X, T, = (c, sinnx) (ce‘"zt) = A,e "t sinnx,
Then, by superposition principle, the general solution is

u(x,t) = Y%, A et sinnx
Using the initial condition u(x, 0) = f(x), we find that
f(x) = Xn=1 Ay sinnx

which is the sine series of f(x). Therefore

A, = %fonf(x) sinnx dx

n=123,..

Hence, the solution is: ulx,t) = Yoq (% fon f(x)sinnx dx) e "t sinnx
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Q10 (22 pts): Use the Laplace transform to solve the wave equation

0°u  0%u
ﬁ = W, x > 0, t>0
Subject to u,(0,t) =t?, limu(x,t)=0, t>0
X—>00

u(x,0) =0, u(x,00=0, x>0

Solution: We take the Laplace transform with respect to the variable t

9%u 0%u 02U (x,s)
)C{ﬁ} - L {ﬁ} = Ox2 = SZU(_X,', S) - Su(x; 0) - ut(x, 0)

0%U(x,s)
0x?2

s?U(x,s) =0

The auxiliary equation is: m? —s? =0 = m = +s = U(x,s) = c;e”* + c,e*

Now, we take the Laplace transform of the remaining conditions

(a) L{ii_}r(r}o u(x, t)} = £{0} = lim U(x,s) = 0

2
(b) L{u,(0,0)} = L{t*} = U,(0,s) = 5
e Using (a) gives: c, =0=U(x,s) =cie™*
. . . _ 2 _ 2
e Using (b) gives: —C1S =3 = = -
2 _
~U(x,s) = —ge™™

— u(x,t) = L1 {—1e—sx} = —2(t—0)*U(t - x)

54-
0, 0< t<x
={ 1
—g(t—x)3, t>x
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Q11 (26 pts): The steady-state temperature in a semi-infinite plate is modeled by

0%u  0%u
ﬁﬁ'a—}]z:(), x>0 0<y<m
u,(0,y) =siny, O<y<m
1, 0<x<1

u(x,0) = 0, u(x.n)=f(x)={o, x>1

Use either the Fourier sine or cosine transform to solve this IBVP.

Solution: Using Fourier cosine transform with respect to the variable x

azu aZu aZU(a'y)
Felgm) + R 5} = 0= —U(@y) — ux(0.) + 755 = 0

2
= 2%~ a?U(ay) = siny (%)

This is a nonhomogeneous ODE = U = U, + U,

First, we find the complementary solution U, of the associated homogeneous equation

?U(ay)

?U(a,y) =0=>m?—-a?=0=m=+a = U, = c; coshay + ¢, sinhay
dy? y

Now, since the right side of (*) is siny, then to find a particular solution U, of (*) we try
with U, = Asiny + B cosy which we substitute in (*) to get
—Asiny —Bcosy — a?(Asiny + Bcosy) = siny

= —A(1l+ a?)siny—B(1 +a?)cosy =siny = —-A(1+a?)=1and —B(1+a?) =0

1 .
= A= —T and B=0=U, = — Lz siny
Hence, U(a,y) = U. + U, = ¢, coshay + ¢, sinhay — ——siny (*%)
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Now, we take the Fourier cosine transform of the remaining boundary conditions

(a) Felu(x,0)} = F{0} = U(a,0) = 0

sina

b)) F{ulx,n)} = F{f(x)} = U(a,m) = fooof(x) cosax dx = f01 cosax dx =

a

) ) ) ) 1
e Using (a) in (**) gives: ¢ =0=U(a,y) =c,sinhay — zsiny
a
. . . sina sina
e Using (b) gives: ¢, sinhar =—= ¢, =
g ( ) g 2 a 2 a sinh am
sina 1
~U(a,y) = sinh ay — —sin
( }7) asinh an y 1+a? y

sina b 1 }
sinhay — sin
YT T2

= ulxy) = Tc_l {a sinh am

2 roo| sina .
== [ sinh ay

_ sin y] cosaxda
a sinh am

14a?



