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Q1:  
a. A computer system has exponential failure time density function  
 

𝑓(𝑡) =
1

9000
𝑒−

𝑡
9000,        𝑡 > 0 

 
What is the probability that the system will fail after the warranty (six months or 4380 hours) and 
before the end of the first year (one year or 8760 hours)?    (2 points) 

 
 

𝑷(𝟒𝟑𝟖𝟎 < 𝑻 ≤ 𝟖𝟕𝟔𝟎) = ∫
𝟏

𝟗𝟎𝟎𝟎
𝒆−

𝒕
𝟗𝟎𝟎𝟎

𝟖𝟕𝟔𝟎

𝟒𝟑𝟖𝟎

𝒅𝒕 = −𝒆−
𝒕

𝟗𝟎𝟎𝟎|
𝟒𝟑𝟖𝟎

𝟖𝟕𝟔𝟎

= 𝟎. 𝟐𝟑𝟕 

 

This indicates that the probability of failure during the interval from six months to one year is 
23.7%. 

 
 
 
 
 
 
 
 
 
 

b. Suppose that a particular electronic system consists of four components (A, B, C, and D) connected in 
parallel. The time to failure for each component is exponentially distributed with mean times between 
failures of 200, 200, 300, and 600 hours, respectively. Determine the system reliability for 1000 hours, 
assuming that each component operates independently and that each begins operation when the 
system begins operation.        (5 points)   

 
 

The reliability given by 
𝒓(𝒕) = 𝟏 − 𝑭(𝒕) 

Where 𝑭(𝒕) = 𝒑𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒐𝒇 𝒇𝒂𝒊𝒍𝒖𝒓𝒆 𝒂𝒕 𝒐𝒓 𝒃𝒆𝒇𝒐𝒓𝒆 𝒕𝒊𝒎𝒆 𝒕 
 

The time to failure for each component is exponentially distributed, then  
 

𝑭𝑨(𝒕) = 𝑭𝑩(𝒕) = 𝟏 − 𝒆−𝝀𝒕,        𝑭𝑨(𝟏𝟎𝟎𝟎) = 𝑭𝑩(𝟏𝟎𝟎𝟎) = 𝟏 − 𝒆−
𝟏𝟎𝟎𝟎
𝟐𝟎𝟎 = 𝟎. 𝟗𝟗𝟑 

 

𝑭𝑪(𝒕) = 𝟏 − 𝒆−𝝀𝒕,        𝑭𝑪(𝟏𝟎𝟎𝟎) = 𝟏 − 𝒆−
𝟏𝟎𝟎𝟎
𝟑𝟎𝟎 = 𝟎. 𝟗𝟔𝟒 

 

𝑭𝑫(𝒕) = 𝟏 − 𝒆−𝝀𝒕,        𝑭𝑫(𝟏𝟎𝟎𝟎) = 𝟏 − 𝒆−
𝟏𝟎𝟎𝟎
𝟔𝟎𝟎 = 𝟎. 𝟖𝟏𝟏 

System reliability  

= 𝟏 − 𝑷(𝒂𝒍𝒍 𝒄𝒐𝒎𝒑𝒐𝒏𝒆𝒏𝒕𝒔 𝒇𝒂𝒊𝒍) = 𝟏 − (𝟎. 𝟗𝟗𝟑)𝟐(𝟎. 𝟗𝟔𝟒)(𝟎. 𝟖𝟏𝟏) = 𝟎. 𝟐𝟐𝟗 
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Q2: Machines in a factory break down at an exponential rate of six per hour. There is a single repairman 

who fixes machines. The service time to fix a machine is normally distributed with mean 9 minutes and 

standard deviation of 2 minutes. 

 
1. Specify the type of the system.                                 (4 points) 

 
Arrival ~ Poisson Process: 𝝀 = 𝟔 𝒄𝒂𝒓𝒔 𝒑𝒆𝒓 𝒉𝒐𝒖𝒓 →    𝝀 = 𝟎. 𝟏 𝒑𝒆𝒓 𝒎𝒊𝒏  
Service~ Normal with mean 9 minutes and standard deviation 2 minutes 

               𝑬(𝑺) = 𝟗 =
𝟏

𝝁
     →     𝝁 =

𝟏

𝟗
= 𝟎. 𝟏𝟏𝟏𝟏     

 𝝆 =
𝝀

𝝁
=

𝟎.𝟏
𝟏

𝟗

= 𝟎. 𝟏(𝟗) = 𝟎. 𝟗 

 𝑽𝒂𝒓(𝑺) = 𝝈𝟐 = 𝟐𝟐 = 𝟒 𝒎𝒊𝒏𝟐 
 
It is M/G/1 queueing system 
 
 
 
 
 
 

2. What is the expected number of machines waiting in line to be fixed?   (2 points) 
 
 

 
 

𝓛𝑸 =
𝝀𝟐𝝈𝟐 + 𝝆𝟐

𝟐(𝟏 − 𝝆)
=

(𝟎. 𝟏)𝟐(𝟒) + (𝟎. 𝟗)𝟐

𝟐(𝟏 − 𝟎. 𝟗)
=

𝟎. 𝟓𝟖𝟑𝟓

𝟎. 𝟓
= 𝟒. 𝟐𝟓 𝒎𝒂𝒄𝒉𝒊𝒏𝒆𝒔 

 
 
 
 
 
 
 
 
 
 
 

3. What is the average time a machine spends to work again?                          (2 points) 
 

𝓦 = 𝓦𝑸 +
𝟏

𝝁
=

𝓛𝑸

𝝀
+

𝟏

𝝁
=

𝟒. 𝟐𝟓

𝟎. . 𝟏
+ 𝟗 = 𝟓𝟏. 𝟓 𝒎𝒊𝒏𝒕𝒔 
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Q3: Three out of four trucks on the road are followed by a car, while only one out of every five cars is 

followed by a truck. 
1. Show how this system can be analyzed by using Markov chain, how many states are needed?  

(2 points) 
 

Letting 𝑿𝒏  be 0 if the 𝒏𝒕𝒉 vehicle is a car and letting it be 1 if the vehicle is a truck gives rise to a 
two-state Markov chain with transition probabilities 

 

𝑷 = [

𝟒

𝟓

𝟏

𝟓
𝟑

𝟒

𝟏

𝟒

] 

 
 

2. In the long run, what fraction of the vehicles on the road are trucks?    (3 points) 
 

𝝅𝑷 = 𝝅 

𝝅𝟎 =
𝟒

𝟓
𝝅𝟎 +

𝟑

𝟒
𝝅𝟏 

𝝅𝟏 =
𝟏

𝟓
𝝅𝟎 +

𝟏

𝟒
𝝅𝟏 

And  
𝝅𝟎 + 𝝅𝟏 = 𝟏 

Solving yields 

𝝅𝟎 =
𝟏𝟓

𝟏𝟗
              𝝅𝟏 =

𝟒

𝟏𝟗
 

That is, 4 out of 19 vehicles are trucks  

 
 
Q4: the current price of a stock is $100. The price follows a geometric Brownian motion with drift rate 12% 

per year and variance 10% per year. 
1. Calculate the expected value of the stock price after two years from now.  (2 points) 

 

𝑬(𝑿(𝟐)) = 𝑿(𝟎)𝒆
𝒕(𝝁+

𝝈𝟐

𝟐 )
= (𝟏𝟎𝟎)𝒆

𝟐(𝟎.𝟏𝟐+
𝟎.𝟏
𝟐

)
= 

 
 
 

2. What is the probability that the price will be at least $210 after one and half year. (5 points) 
 

Since 𝑿(𝟏. 𝟓) is a geometric Brownian motion, 𝐥𝐧 𝑿(𝟏. 𝟓) is a regular Brownian motion and is 
follow a normal distribution with  

1. Mean: 𝐥𝐧 𝑿(𝟎) + (𝝁 −
𝝈𝟐

𝟐
) 𝒕 = 𝐥𝐧 𝟏𝟎𝟎 + (𝟎. 𝟏𝟐 −

𝟎.𝟏

𝟐
) 𝟏. 𝟓 = (𝟎. 𝟏)𝟏. 𝟓 = 𝟒. 𝟕𝟏𝟎𝟏𝟕 

2. Variance:  𝛔𝟐𝒕 = (𝟎. 𝟏)𝟏. 𝟓 = 𝟎. 𝟏𝟓 
 
We need  

𝑷(𝑿(𝟏. 𝟓) > 𝟐𝟏𝟎) = 𝑷(𝐥𝐧 𝑿(𝟏. 𝟓) > 𝐥𝐧  𝟐𝟏𝟎) = 𝑷 (
𝐥𝐧 𝑿(𝟏. 𝟓) − 𝝁

𝝈
>

𝐥𝐨𝐠 𝟐𝟏𝟎 − 𝟒. 𝟕𝟏𝟎𝟏𝟕

√𝟎. 𝟏𝟓
) 

= 𝑷(𝒁 > 𝟏. 𝟒𝟐𝟒) = 
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Q5: Let B(t), t ≥ 0 is a standard Brownian motion process.          

 
1. State the assumptions of this Stochastic process        (2 points)   

 
i. 𝐵(𝟎) = 𝟎 
ii. 𝑩(𝒕)~𝑵𝒐𝒓𝒎𝒂𝒍 (𝟎, 𝝈𝟐𝒕) ( normally distributed with mean 0 and variance  𝝈𝟐𝒕  , 𝝈𝟐 = 𝟏) 

iii. {𝑩(𝒕), 𝒕 ≥ 𝟎} has stationary and independent increments 
 

2. Find 𝐸(𝐵(2)𝐵(3)) =       (2 points) 

𝑬(𝑩(𝟐)𝑩(𝟑)) = 𝑬(𝑩(𝟐)[𝑩(𝟐) + 𝑩(𝟑) − 𝑩(𝟐)]) 

              By independent increment  
 

=  𝑬(𝑩(𝟐)𝟐) + 𝑬(𝑩(𝟐))𝑬[𝑩(𝟑) − 𝑩(𝟐)] 

 

              Since 𝑬(𝑩(𝟐)) = 𝟎 

𝑬(𝟐)𝟐 = 𝑽𝒂𝒓 (𝑩(𝟐)) = 𝟐 

 

3. Find 𝑉𝑎𝑟 (∫ 𝑡21

0
𝑑𝐵(t)) =       (2 points) 

 

𝑽𝒂𝒓 (∫ 𝒕𝟐
𝟏

𝟎

𝒅𝑩(𝐭)) = ∫ 𝒕𝟒
𝟏

𝟎

𝒅𝒕 =
𝒕𝟓

𝟓
|

𝟎

𝟏

=
𝟏

𝟓
 

 

4. Let 𝑋(t) = ∫ B2(s)
𝑡

0
𝑑𝑠, find the mean for 𝑋(t)      (2 points) 

 

𝑬(𝑿(𝐭)) = 𝑬 (∫ 𝐁𝟐(𝐭)
𝒕

𝟎

𝒅𝒔) = ∫ 𝑬 (𝐁𝟐(𝐭))
𝒕

𝟎

𝒅𝒔 = ∫ 𝒔
𝒕

𝟎

𝒅𝒔 =
𝟏

𝟐
𝒕𝟐 

 
 

5.  Let 𝑌(t) = 𝑡𝐵 (
1

𝑡
) − 𝐵(1). Find the mean for Y(t)     (2 points) 

 

(𝒀(𝐭)) = 𝑬 (𝒕𝐁 (
𝟏

𝒕
) − 𝐁(𝟏)) 

                                                                          =  𝑬 (𝒕𝐁 (
𝟏

𝒕
)) − 𝑬(𝐁(𝟏)) 

                                                                          = 𝒕𝑬 (𝐁 (
𝟏

𝒕
)) − 𝑬(𝐁(𝟏)) =

𝒕

𝒕
− 𝟏 = 𝟎 

 
 

6. Let  𝑍(𝑡) = 𝜎𝐵(t) + 𝜇𝑡. Show that the process  A(t) is a geometric Brownian motion  where A(t) =

𝑒𝑍(𝑡)−𝜇𝑡−
1

2
𝜎2𝑡       (3 points) 

𝑬(𝑨(𝐭) | 𝑭𝒔) = 𝑬 (𝒆𝒁(𝒕)−𝝁𝒕−
𝟏
𝟐

𝝈𝟐𝒕 | 𝑭𝒔) 

 

= 𝑬 (𝒆𝒁(𝒔) 𝒆𝒁(𝒕)−𝒁(𝒔)−𝝁𝒕−
𝟏
𝟐

𝝈𝟐𝒕 | 𝑭𝒔) = 𝒆𝒁(𝒔)𝒆−𝝁𝒕−
𝟏
𝟐

𝝈𝟐𝒕 𝑬(𝒆𝒁(𝒕)−𝒁(𝒔) | 𝑭𝒔) 

= 𝒆𝒁(𝒔)𝒆−𝝁𝒕−
𝟏
𝟐

𝝈𝟐𝒕 𝑬(𝒆𝒁(𝒕)−𝒁(𝒔)) = 𝒆𝒁(𝒔)𝒆−𝝁𝒕−
𝟏
𝟐

𝝈𝟐𝒕 𝒆𝝁(𝒕−𝒔)−
𝟏
𝟐

𝝈𝟐(𝒕−𝒔)
 

= 𝒆𝒁(𝒔)𝒆−𝝁𝒔−
𝟏
𝟐

𝝈𝟐𝒔 = 𝐀(𝐬) 
 Thus 𝐀(𝐭) is a geometric Brownian motion   
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Q6: A discrete random variable 𝑋 has a probability mass function satisfying the recursive equation 

 

𝑝𝑥 =
2

𝑥
𝑝𝑥−1    𝑓𝑜𝑟 𝑥 = 1, 2, 3, …  

 
1. Explain a procedure to generate values from this distribution and satisfy your procedure.  

(6 points) 
 

It is clear this is the recursive equation for a Poisson with 𝝀 = 𝟐 
 

𝒑𝟎 = 𝒆−𝝀 = 𝟎. 𝟏𝟑𝟓𝟑 
𝒑𝟏 = 𝟐𝒆−𝝀 = 𝟎. 𝟐𝟕𝟎𝟕 
𝒑𝟐 = 𝟐𝒆−𝝀 = 𝟎. 𝟐𝟕𝟎𝟕 

𝒑𝟑 =
𝟒

𝟑
𝒆−𝝀 = 𝟎. 𝟏𝟖𝟎𝟒 

𝒑𝟒 =
𝟐

𝟑
𝒆−𝝀 = 𝟎. 𝟎𝟗𝟎𝟐 

And so on 
Then, generate a random number 𝑼 

𝑿 =  𝟎 if    𝑼 < 𝒑𝟎 = 𝟎. 𝟏𝟑𝟓𝟑  
 

𝑿 =  𝟏 if   𝒑𝟎 = 𝟎. 𝟏𝟑𝟓𝟑 ≤  𝑼 < 𝒑𝟎 + 𝒑𝟏 = 𝟎. 𝟒𝟎𝟔𝟎 
 

𝑿 =  𝟐 if   𝒑𝟎 + 𝒑𝟏 = 𝟎. 𝟒𝟎𝟔𝟎 ≤  𝑼 < 𝒑𝟎 + 𝒑𝟏 + 𝒑𝟑 = 𝟎. 𝟔𝟕𝟔𝟕 
 

𝑿 =  𝟑 if   𝒑𝟎 + 𝒑𝟏 + 𝒑𝟑 = 𝟎. 𝟔𝟕𝟔𝟕 ≤  𝑼 < 𝒑𝟎 + 𝒑𝟏 + 𝒑𝟑 + 𝒑𝟒 = 𝟎. 𝟖𝟓𝟕𝟏 
And so on 
 
 
 
 
 
 
 
 

2. Using the following 4 random numbers (𝑈).      (4 points)
    

0.6 0.25 0.02 0.93 
  

Generate 4 values from this distribution 
 

Since 𝑼 = 𝟎. 𝟔  which it is between 𝟎. 𝟒𝟎𝟔𝟎 𝒂𝒏𝒅 𝟎. 𝟔𝟕𝟔𝟕               𝒙 = 𝟐 
 

Since 𝑼 = 𝟎. 𝟐𝟓  which it is between 𝟎. 𝟏𝟑𝟓𝟑 𝒂𝒏𝒅 𝟎. 𝟒𝟎𝟔𝟎  𝒙 = 𝟏 
 

Since 𝑼 = 𝟎. 𝟎𝟐  which it is less than  𝟎. 𝟏𝟑𝟓𝟑    𝒙 = 𝟎 
 

Since 𝑼 = 𝟎. 𝟗𝟐  which it is between 𝟎. 𝟖𝟓𝟕𝟏 𝒂𝒏𝒅 𝟎𝟗𝟒𝟕𝟑  𝒙 = 𝟒 
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Q7: Suppose that you are an actuary of an insurance company in charge to assessing the probability of a 

life insurance portfolio through simulation. As a first step, you need to estimate future lifetimes of 
policyholders in the portfolio. After some preliminary investigation of the portfolio’s historical data, you are 
convinced that future lifetimes can be modeled with a Weibull distribution with density function   
 

𝑓(𝑥) = 4𝑥𝑒−2𝑥2
    𝑓𝑜𝑟 𝑥 > 0 

 
1. Explain whether it is possible to use the inverse transformation method to simulate from this 

distribution.          (5 points) 
First derive the cdf of 𝑿 

𝑭(𝒙) = ∫ 𝟒𝒖𝒆−𝟐𝒖𝟐
𝒅𝒖

𝒙

𝟎

   

 Let 𝒘 = 𝟐𝒖𝟐      → 𝒅𝒘 = 𝟒𝒖𝒅𝒖 

∫ 𝒆−𝒘𝒅𝒘
𝟐𝒙𝟐

𝟎

= 𝟏 − 𝒆−𝒘 = 𝟏 − 𝒆−𝟐𝒙𝟐
 

 Let  

𝑭(𝒙) = 𝑼 = 𝟏 − 𝒆−𝟐𝒙𝟐
 

Solve for 𝒙 

𝒙𝟐 = −
𝟏

𝟐
𝐥𝐨𝐠(𝟏 − 𝑼)                  →              𝒙 = √−

𝟏

𝟐
𝐥𝐨𝐠(𝟏 − 𝑼) 

Choose positive square root since 𝒙 > 𝟎, and yes, it is straightforward to use inverse 
transformation in this case 

 

2. Describe a procedure that applies the rejection method to obtain simulated values from this 
distribution based on the half normal distribution with density    
 

𝑔(𝑥) = √
2

𝜋
𝑒−

𝑥2

2     𝑓𝑜𝑟 𝑥 > 0 

(Hint) You may assume that you have a procedure for simulating from a standard normal 
𝑍~𝑁𝑜𝑟𝑚𝑎𝑙 (0, 1)         (5 points) 

 
Note that is 𝒁~𝑵𝒐𝒓𝒎𝒂𝒍 (𝟎, 𝟏), then |𝒁| 𝒊𝒔 𝒉𝒂𝒍𝒇 𝒏𝒐𝒓𝒎𝒂𝒍 

           To find the constant  , Maximize  
 

𝒇(𝒙)

𝒈(𝒙)
=

𝟒𝒙𝒆−𝟐𝒙𝟐

√𝟐
𝝅 𝒆−

𝒙𝟐

𝟐

= 𝟐√𝟐𝝅 𝒙 𝒆−
𝟑𝒙𝟐

𝟐  

𝒅 (
𝒇(𝒙)

𝒈(𝒙)
) = 𝟐√𝟐𝝅 ( 𝒆−

𝟑𝒙𝟐

𝟐 − 𝟑𝒙𝟐𝒆−
𝟑𝒙𝟐

𝟐 ) = 𝟎        →        𝟏 − 𝟑𝒙𝟐 = 𝟎      →     𝒙 =
𝟏

√𝟑
 

𝒄 =
𝒇(𝟏)

𝒈(𝟏)
= 𝟐√𝟐𝝅 𝒙 𝒆−

𝟑(
𝟏

√𝟑
)

𝟐

𝟐 = 𝟐√
𝟐

𝟑
𝝅  𝒆−

𝟏
𝟐 = 𝟏. 𝟕𝟓𝟔 

To summarize the procedure 
1. Generate 𝒁~𝑵𝒐𝒓𝒎𝒂𝒍 (𝟎, 𝟏) and let 𝒘 = |𝒁| 𝒊𝒔 𝒉𝒂𝒍𝒇 𝒏𝒐𝒓𝒎𝒂𝒍 
2. Generate 𝑼~ 𝒖𝒏𝒊𝒇𝒐𝒓𝒎(𝟎, 𝟏) 

3. Test if 𝑼𝟐 ≤
𝒇(𝑼𝟏)

𝒄𝒈(𝑼𝟏)
=

𝟐√𝟐𝝅 𝑼𝟏 𝒆
−

𝟑𝑼𝟏
𝟐

𝟐

𝟐√
𝟐

𝟑
𝝅  𝒆

−
𝟏
𝟐

= √𝟑  𝑼𝟏 𝒆−
𝟑𝑼𝟏

𝟐

𝟐
+

𝟏

𝟐 

4. If yes, Set 𝑿 = 𝑼𝟏 If no, return to step 1 


