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Q1: Patients arrive independently to the emergency room in according to a Poisson process with rate one 

every half hour. The time spent with the emergency doctor is exponentially distributed with average service 
time equal to 20 minutes to treat each patent 

1. Specify the type of the system.                    (2 points) 

                 Arrival ~ Poisson process with rate one patient every 
𝟏

𝟐
 hour 𝝀 = 𝟐 𝒑𝒂𝒕𝒊𝒆𝒏𝒕 𝒑𝒆𝒓 𝒉𝒐𝒖𝒓 

                 Service ~ Exponential with average 20 minutes 𝝁 = 𝟑 𝒑𝒂𝒕𝒊𝒆𝒏𝒕𝒔 𝒑𝒆𝒓 𝒉𝒐𝒖𝒓 
                 One emergency room  
   The model is M/M/1 queueing system 
 

2. Does this queueing system reach steady state? Why?                    (1 point) 
 

𝑦𝑒𝑠 𝑠𝑖𝑛𝑐𝑒    𝜌 =
𝜆

𝜇
=

2

3
< 1 

 
3. Find the probability that there are at least two patients waiting to see the doctor.             (2 points) 

 

𝑷(≥ 𝟑 𝒑𝒂𝒕𝒊𝒆𝒏𝒕𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎) = 𝟏 −  𝑷𝟎 −  𝑷𝟏 −  𝑷𝟐 = 𝟏 −  𝑷𝟎 − 𝝆𝟏 𝑷𝟎 − 𝝆𝟐 𝑷𝟎 

= 𝟏 −
𝟏

𝟑
−

𝟐

𝟗
−

𝟒

𝟐𝟕
=

𝟖

𝟐𝟕
= 𝟎. 𝟐𝟗𝟔 

 
 
 

4. Find the expected number of patients in the emergency room.                   (1 point) 
 

𝓛 =
𝝀

𝝁 − 𝝀
=

𝟐

𝟑 − 𝟐
= 𝟐 𝒑𝒂𝒕𝒊𝒆𝒏𝒕𝒔 

 
 

5. Find the expected number of patients waiting the doctor.                   (1 point) 
 

𝓛𝑸 =
𝝀𝟐

𝝁(𝝁 − 𝝀)
=

𝟐𝟐

𝟑(𝟑 − 𝟐)
=

𝟒

𝟑
 𝒑𝒂𝒕𝒊𝒆𝒏𝒕𝒔 

 
6. Find the expected time for a patient in the emergency room.                  (1 point) 

 

𝓦 =
𝟏

𝝁 − 𝝀
=

𝟏

𝟑 − 𝟏
= 𝟏 𝒉𝒐𝒖𝒓 

 
 

7. Find the probability that a patient waits more than 30 minutes in the emergency room. (2 points) 
 
Let  𝒒(𝒕) is the waiting time in the queue, then the cumulative distribution function given by  

 

𝑷(𝒒(𝒕) < 𝒕) = 𝟏 − 𝝆𝒆−(𝝁−𝝀)𝒕 
           then  

𝑷 (𝒒(𝒕) >
𝟏

𝟐
 𝒉𝒐𝒖𝒓) = 𝝆𝒆−(𝝁−𝝀)𝒕 =

𝟐

𝟑
𝒆−

(𝟑−𝟐)
𝟐 =

𝟐

𝟑
𝒆−

𝟏
𝟐 = 𝟎. 𝟒𝟎𝟒 
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Q2: Consider a bank with two tellers in which customers arrive with rate 𝜆 per hour arrive at the bank and 

wait in a single line for an idle teller. The average time it takes to serve a customer is 
1

𝜇
 hours. The bank 

opens daily at 9:00 am and closes at 4:00 pm. Assume that inter-arrival times and service times are 

exponential 

1. Construct the rate diagram for this system      (2 points) 

 

2. Set up the balance equations and solve for the steady – state probabilities of the number of 

customers in the bank         (5 points) 

State Rate at which leave = rate at which enter 

𝒏 = 𝟎 𝝀 𝑷𝟎 = 𝝁 𝑷𝟏 

𝒏 = 𝟏 (𝝀 + 𝝁) 𝑷𝟏 = 𝝀 𝑷𝟎 + 𝟐𝝁 𝑷𝟐 

𝒏 ≥ 𝟐 (𝝀 + 𝟐𝝁) 𝑷𝒏 = 𝝀 𝑷𝒏−𝟏 + 𝟐𝝁 𝑷𝒏+𝟏 

Solve the system  

1.  𝑷𝟎 =
𝝁

𝝀
 𝑷𝟏        →       𝑷𝟏 =

𝝀

𝝁
 𝑷𝟎 

2. (𝝀 + 𝝁) 𝑷𝟏 = 𝝀 𝑷𝟎 + 𝟐𝝁 𝑷𝟐    → (𝝀 + 𝝁)
𝝀

𝝁
 𝑷𝟎 − 𝝀 𝑷𝟎 = 𝟐𝝁 𝑷𝟐      →                𝑷𝟐 =

𝟏

𝟐
(

𝝀

𝝁
)

𝟐
 𝑷𝟎 

3. (𝝀 + 𝟐𝝁) 𝑷𝟐 = 𝝀 𝑷𝟏 + 𝟐𝝁 𝑷𝟑   → (𝝀 + 𝟐𝝁)
𝟏

𝟐
(

𝝀

𝝁
)

𝟐
 𝑷𝟎 − 𝝀

𝝀

𝝁
 𝑷𝟎 = 𝟐𝝁 𝑷𝟑          𝑷𝟑 =

𝝀𝟑

𝟐𝟐𝝁𝟑  𝑷𝟎 

In general  𝑷𝒏 =
𝝀𝒏

𝟐𝒏−𝟏𝝁𝒏  𝑷𝟎 

Using the fact that ∑  𝑷𝒏
∞
𝒏=𝟎 = 𝟏 and 

𝝀

𝝁
= 𝝆 

𝟏 =  𝑷𝟎 +  𝑷𝟏 +  𝑷𝟐 +  𝑷𝟑 + ⋯ =  𝑷𝟎 + 𝝆 𝑷𝟎 +
𝟏

𝟐
𝝆𝟐 𝑷𝟎 +

𝟏

𝟐𝟐
𝝆𝟑 𝑷𝟎 + ⋯ 

=  𝑷𝟎 (𝟏 + 𝝆 +
𝟏

𝟐
𝝆𝟐 +

𝟏

𝟐𝟐
𝝆𝟑  + ⋯ ) =  𝑷𝟎 (𝟏 + 𝝆 (𝟏 +

𝟏

𝟐
𝝆 +

𝟏

𝟐𝟐
𝝆𝟐  + ⋯ ))

=  𝑷𝟎 +  𝑷𝟎𝝆 (𝟏 +
𝟏

𝟐
𝝆 +

𝟏

𝟐𝟐
𝝆𝟐  + ⋯ ) =  𝑷𝟎 +  𝑷𝟎𝝆 (

𝟏

𝟏 −
𝟏
𝟐 𝝆

) =  𝑷𝟎 (𝟏 +
𝝆

𝟏 −
𝟏
𝟐 𝝆

) 

 
𝑷𝟎

=
𝟏

𝟏 +
𝝆

𝟏 −
𝟏
𝟐 𝝆

=
𝟏 −

𝟏
𝟐 𝝆

𝟏 +
𝟏
𝟐 𝝆

=
𝟐 − 𝝆

𝟐 + 𝝆
 

3. In the long – run, what proportion of time is both tellers busy?     (3 points) 

𝑷(𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒂𝒓𝒓𝒊𝒗𝒂𝒍𝒔 ≥ 𝟐) = 𝟏 −  𝑷𝟎 −  𝑷𝟏 = 𝟏 −  𝑷𝟎 − 𝝆 𝑷𝟎 

= 𝟏 −
𝟐 − 𝝆

𝟐 + 𝝆
− 𝝆 (

𝟐 − 𝝆

𝟐 + 𝝆
) = 𝟏 −

𝟐 − 𝝆

𝟐 + 𝝆
(𝟏 + 𝝆) 
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Q3: Assume that a part of a domestic wastewater treatment station constitutes a system, with 6 

components and structure function given by: 
 

𝜙(𝐱) = 1 − (1 − 𝑥1𝑥2𝑥3𝑥6)(1 − 𝑥1𝑥2𝑥5𝑥6)(1 − 𝑥1𝑥4𝑥5𝑥6)(1 − 𝑥1𝑥3𝑥4𝑥6) 
 
                    = (1 − (1 − 𝑥1))(1 − (1 − 𝑥2)(1 − 𝑥4))(1 − (1 − 𝑥3)(1 − 𝑥5))(1 − (1 − 𝑥6)) 

 
 

1. Identify the minimal path sets and minimal cut sets, and draw a reliability block diagram as close as 
possible of the system         (5 points) 

Solution: 

𝝓(𝐱) = 𝟏 − ∏ (𝟏 − ∏ 𝒙𝒋

𝒋∈𝑨𝒊

)

𝒊

            𝑨𝟏, 𝑨𝟐, … , 𝑨𝒔 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒂𝒍 𝒑𝒂𝒕𝒉 𝒔𝒆𝒕𝒔 

= ∏ (𝟏 − ∏(𝟏 − 𝒙𝒋)

𝒋𝝐𝑪𝒊

)

𝒊

         𝑪𝟏𝑪𝟐 … , 𝑪𝒓  𝒂𝒓𝒆 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒂𝒍 𝒄𝒖𝒕 𝒔𝒆𝒕𝒔 

The minimal path sets are: 
 

𝑨𝟏 = {𝒙𝟏𝒙𝟐𝒙𝟑𝒙𝟔}, 𝑨𝟐 = {𝒙𝟏𝒙𝟐𝒙𝟓𝒙𝟔},           𝑨𝟑 = {𝒙𝟏𝒙𝟒𝒙𝟓𝒙𝟔} ,      𝑨𝟒 = {𝒙𝟏𝒙𝟑𝒙𝟒𝒙𝟔} 
 

And the minimal cut sets are 
𝑪𝟏 = {𝒙𝟏},      𝑪𝟐 = {𝒙𝟏, 𝒙𝟒} , 𝑪𝟑 = {𝒙𝟑, 𝒙𝟓},     𝑪𝟏 = {𝒙𝟔}  

 
 
 
 
 
 
 
 

2. Suppose that each of those 6 components are independent and have reliability  𝑝𝑗 = 𝑝 = 0.95, 𝑗 =

1,2, … , 6. Calculate the upper and the lower bounds of  the reliability function.   (5 points)
  

 

∏ (1 − ∏ (1 − 𝑝
𝑗
)

𝑗𝜖𝐶𝑖

)

𝑖

≤ 𝑟(𝒫) ≤  1 − ∏ (1 − ∏ 𝑝
𝑗

𝑗∈𝐴𝑖

)

𝑖

 

Solution 

𝒑𝟐(𝟏 − (𝟏 − 𝒑)𝟐)
𝟐

≤ 𝒓(𝓟) ≤  𝟏 − (𝟏 − 𝒑𝟒)
𝟒

 

 
𝟎. 𝟖𝟗𝟕𝟗𝟗𝟑 ≤ 𝒓(𝓟) ≤  𝟎. 𝟗𝟗𝟖𝟖𝟏𝟔 
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Q4: The figure below is a reliability block diagram for a part of a computer system: 

 

 

 

 

 

 

 
Assume the durations in 103

 hours of the 6 components are independent random variable with common 
Uniformly distributed over the interval (0, 1), 𝑖 = 1, 2, … , 6. For this part of the computer system  
 

1. Obtain the structure function.        (2 points) 
 

                   𝜙(𝑥) = 𝑚𝑖𝑛(𝑚𝑎𝑥(𝑥1, 𝑥2, 𝑥3) 𝑥4𝑚𝑎𝑥(𝑥5, 𝑥6)) 

                              = (1 − (1 − 𝑥1)(1 − 𝑥2)(1 − 𝑥3))(1 − (1 − 𝑥4))(1 − (1 − 𝑥5)(1 − 𝑥6)) 

 
 
 
 

2. Obtain the reliability.          (3 points) 
 

Since 𝑥 = {𝑥1, 𝑥2, … , 𝑥6}~𝐵𝑖𝑟𝑛𝑜𝑢𝑙𝑙𝑖  (𝑝𝑗 = 𝑝)   𝑗 = 1,2, … , 6   

 

                     𝑟 = 𝑟(𝒫) = 𝑃(𝜙(𝑥) = 1) = 𝐸(𝜙(𝑥)) 

                                        = 𝐸(1 − (1 − 𝑥1)(1 − 𝑥2)(1 − 𝑥3))(1 − (1 − 𝑥4))(1 − (1 − 𝑥5)(1 − 𝑥6)) 

= (1 − (1 − 𝑝1)(1 − 𝑝2)(1 − 𝑝3))(1 − (1 − 𝑝4))(1 − (1 − 𝑝5)(1 − 𝑝6)) 

= (1 − (1 − 𝑝)(1 − 𝑝)(1 − 𝑝))(1 − (1 − 𝑝))(1 − (1 − 𝑝)(1 − 𝑝)) 

= 𝑝(1 − (1 − 𝑝)3)(1 − (1 − 𝑝)2) 
 
 
 
 

3. Find the component lifetime distribution Fi(t)      (3 points) 
 
Since each component having a uniform distribution over (0, 1), 𝑖 = 1, 2, 3, 4, 5, 6 
 

𝐹𝑖(𝑡) = 𝑡        0 ≤ 𝑡 ≤ 1,       𝑖 = 1, 2, 3, 4, 5, 6 
 

𝑟(�̅�(𝑡)) = ∏ �̅�𝑖(𝑡)

6

𝑖=1

= ∏(1 − 𝐹𝑖(𝑡))

6

𝑖=1

 

= (1 − 𝑡) (1 − (1 − (1 − 𝑡))
3

) (1 − (1 − (1 − 𝑡))
2

) 

= (1 − 𝑡)(1 − 𝑡3)(1 − 𝑡2)         ,         0 ≤ 𝑡 ≤ 1 
 
 
 

4. Find the expected system life        (2 points) 
 

𝑃(𝑠𝑦𝑠𝑡𝑒𝑚 𝑙𝑖𝑓𝑒 > 𝑡) = ∫ 𝑟(�̅�(𝑡))
∞

0

𝑑𝑡 = ∫ (1 − 𝑡)(1 − 𝑡3)(1 − 𝑡2)
1

0

𝑑𝑡 =
41

105
 


