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Q1. Let   (
  
  

)  

(a) Find a matrix P that diagonalizes A and the diagonal matrix D such that         

(b) Show that  

    
 

 
 (

          

          

) 

(Hint: Use the fact that if    is a positive integer, then           ) 

 

 

Solution: 

(a) The characteristic equation of A is |    |                        

This gives the eigenvalues of A:        and        

The corresponding eigenvectors are 

   (
 
  

)           (
 
 
)  

Thus, a matrix P that diagonalizes A is given by  

  (
  
   

) 

and the diagonal matrix D is  

        (
  
  

)  

(b) We have 
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) (
  
  

)
  

(
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Q2. Let   be the line segment from       to        .  Evaluate  

∫          
 

  

 

 

Solution: 

Parametric equations for the line segment are 

                  

 

We obtain  

   √  [     ]     √      

Thus, 

              ∫           
 

∫          √    
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Q3. Let D be the region lying inside both the sphere            and the   

cylinder           . Use the divergence theorem to find the outward flux 

∬         
 

 of the vector field                          where S is the boundary 

of D. 

 

 

Solution: 

In cylindrical coordinates the region D is given by 

  {       |    √          √       √    }                       

The divergence of F is 

          

By the divergence theorem, 

∬         
 

        ∭         
 

 ∫ ∫ ∫              
√    

 √    

√ 

 

  

 

 

 
 

 
∫ ∫ [  ]

 √    
√    

        
√ 

 

  

 

 

 
 

 
∫ ∫         
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∫         
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Q4.  
a) Solve        
 

Solution: 

With     and                the polar form of the given number is   

                      

 We obtain the solutions of the equation 

   √  (   
 

 
     

 

 
)       

 

                       √  (   (

 
    

 
)      (

 
    

 
)) 

                √  (   
  

 
     

  

 
)        

 

 

b) Find the principal value of          

 

Solution:  The principal value of        is 

             
      (

  
 
)
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Q5.  Evaluate 

∫             
 

 

    where   is the circular arc (in the first quadrant) along | |    from     to       

 

 

Solution: 

On curve C, we have                           and             

Thus, 

∫            
 

 ∫                                                 

 
 

 

 

 ∫                

 
 

 

 

                    ∫ ((
        

  
)   )        

 
 

 

 

          ∫ (
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Q6. Show that         ̅   is nowhere analytic. 

 

Solution:   

Let          We have 

        ̅                     

Put            and             We obtain 

  

  
                

  

  
             

  

  
                   

  

  
            

Since the Cauchy-Riemann equations are not satisfied at any point,   is nowhere 

analytic. 
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Q7. Use Cauchy’s integral formulas to evaluate 

∮ [
    

      
 

   

       
]    

 

                       |   |     

Solution:  Observe that the points     and     are singularities lying within C. Let  

   ∮ [
    

      
]    

 

             ∮ [
   

       
]     

 

 

 

Let               We have     
                    

                    .  

Using the Cauchy's integral formula, we obtain 

   ∮ [
    

      
]    

 

      
                         

To evaluate     put  

      
   

    
  

We have 

      
 

  
     

So, 

 

   ∮ [
   

       
]    

 

                       

Hence, 

 

∮ [
    

      
 

   

       
]    
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Q8. Expand  

     
  

      
 

     in a Laurent series valid for the annular domain   |   |     

 

Solution: 

We want all powers of       in the series. We obtain 

     
 

   
 

 

   
 

 

   
 

 

      
                                        

 
 

   
  

 

 
  

 

  
   

 

                                                           

 
 

   
  

 

 
  (  

   

 
 

      

  
 

      

  
  ) 

 
 

   
 

 

 
 

      

  
 

       

  
 

       

  
   

The series valid for the annular domain   |   |     
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Q9. (a)  Show that     is a removable singularity of 

                                                                               
        

  
  

Solution:    We know that Maclaurin series of      is given by 

       
  

  
 

  

  
 

  

  
   

Replacing z by 2z gives  

         
     

  
 

     

  
 

     

  
   

We obtain 

        

  
 

   

  
 

    

  
 

    

  
   

From the form of the last series we see that     is a removable singularity. 

 

(b) Find the residue at the essential singularity     of the function   

            
  

Solution:   Maclaurin series of     is given by 

       
  

  
 

  

  
   

Replacing   by     gives 

     
       

   

  
 

   

  
   

Multiplying the result by    obtains 

       
      

   

  
 

   

  
   

The residue at     of the given function is           
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Q10. Use the residue theorem to evaluate 

                ∮         
 

                                           | |     

 

Solution:   Observe that  

     
 

    
 

is not analytic at                   Since     the only singularity of the given 

function lying within or on C, we have 

∫         
 

                         
   

 

    
      

 

                ∮
    

       
    

 

                                            |   |     

 

Solution:   Observe that both singularities     are     lie within C. Thus, 

∮
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