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(1) LetS = {{(a,b,c,d)|a+b+c=danda,b,c,d € R}.
(a) Show that S is a subspace of R*.

Solution: S is nonempty since the vector 0 = (0,0,0,0) is in the set.

(l) Let Vi, = (al, bl! C1,) d1>, Vy = (az, bz, Cy, dz)be in S. Then

a1+b1+C1:d1 and a2+b2+C2=d2.
We have
V1+V2:<a1+a2, b1+b2, C1+C2, d1+d2> and

(a1 +a2)+(b1 +b2)+(C1 +C2) = (a1 +b1 +C1)+(a2 +b2 +C2) = d1 +d2.
So, v; + v, isalsoin S.
(ii) Let k be a scalar. Then kvy = (kaq, kby, kcy, kdy).

We have kaq + kby + kc; = k(ay + by + ¢1) = kdy. So, kv, is alsoin S.
From (i) and (ii) we conclude that the set S is a subspace of R*.
(b) Find a basis and the dimension of S.
Solution: Let v=<{(a,b,c,d)beinS. Since a + b + ¢ = d, we have
v={(a,b,cd)=(ab,c,a+b+c)=(a00,a)+(0,b,0,b)+(0,0,c,c)
=a(1,0,0,1) + b (0,1,0,1) + ¢ (0,0,1,1).

So, the set B = {(1,0,0,1),(0,1,0,1),(0,0,1, 1)} spans S. Since matrix
1 0 0 1
A= ( 0 1 0 1 >
0 01 1

has rank 3, the set B is linearly independent. Thus, B is a basis for S.

The dimension of S is 3 = the number of vectors in the basis B.

(c) Express the vector v = (4,1, —2, 3) as a linear combination of vectors in the

basis found in (b).

Solution: v =(4,1,—2,3) = 4(1,0,0,1) + (0,1,0,1) — 2(0,0,1,1).
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(2) Solve the following system using Gaussian Elimination method:

x1+x2 +X3:1
X1 +xZ—X3:1
XI—XZ—X'3=1.

Solution:

Applying Gaussian Elimination to the augmented matrix of the system gives

1 1 111 1 1 111
( 1 1 -1 1> Row operation = (O 1 1 O>.
1 -1 -1l1 0 0 110
We have
Xy +x,+x3=1
x1+x,=0
x3 =0.

Thus, the solution is

X1 1
X3 0
(3) Determine whether the given set of vectors is linearly independent or linearly
dependent.

(@ u; =(1,-1,3,-1,0), u, =(2,—-1,-3,1,4), u3 =(—1,0,6,—2,—4).
Solution: The set of vectors is linearly dependent since u; —u; —uz = 0.
(b) u; =(1,-1,3,-1), uy =(3,-3,5,—4), uz =(—2,2,0,7).
Solution: Consider the matrix

1 -1 3 -1 1 -1 3 -1
A=<3 -3 5 —4) Rowoperations:(O 0 1 —1/4).

-2 2 0 7 0O 0 0 1

Since rank(4) = 3 and the number of vectors is also 3, the given set is

linearly independent.
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(4) Let A be a nonzero 5 X 7 matrix.

(a) What is the maximum rank that A can have?

Answer:

The maximum possible rank of A is the number of rows in A, whichis 5.

(b) If rank(A|B) = 4, then for what value(s) of rank(A) is the system AX = B,

B # 0, inconsistent? Consistent?

Answer:
The system is inconsistent if rank(A) < 4.

The system is consistent if rank(A) = rank(A|B) = 4.

(c) If rank(A) = 3, then how many parameters does the solution of the system
AX = 0 have?

Answer:

The system has n = 7 unknowns and the rank of A is r = 3. Thus, the

solution of the system has n — r = 4 parameters.
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2 -1 2
(5) (a) Find matrix Aif A™1 = ( 1 -1 2 >
-3 2 =3

Solution: To find A we compute (A™1)~! = A:

2 -1 2|1 0 0 1 -1 210 1 0
(1—1 2010) R12=>(2—1 2100)
-3 2 =310 0 1 -3 2 -3l0 0 1
1 -1 210 1 0
—2R, +R, 23R, + Ry = (0 1 —2|1 -2 0)
o -1 3lo 3 1
1 -1 210 1 0
R, + Ry = (o 1 -2|1 -2 0)
o o 111 1 1
1 -1 0|-2 -1 -2
2R3 + Ry > —2R; + R, = <o 1 ol 3 o0 2)
o o 111 1 1

1 -1 0
We have A=(3 0 2).

1 1 1

(b) Solve the system AX = B, where A is the matrix found in (a),

X1 2
X=<x2> and B=< 1).
X3 -3
X1 2 -1 2 2 -3
Solution: The solutionis X = (x2> =A"'B= ( 1 -1 2)( 1) = (—5).
X3 -3 2 =3/\=-3 5
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-1 2 =2
(6) LetA=< 2 -1 2).
-2 2 -1
(a) Verify that eigenvalues of Aare 4y = =5and 4, = 43 = 1.

Solution: ~Characteristic equation of A is

-1-1 2 -2
2 -1-2 2 |=(1-2DA%*+21-3)—4(-2-21+4)
—2 2 -1-2
=B +31%-42+5=A+5@A—-1)*=0.
Thus, eigenvalues of Aare 4y = =5and 4, = 43 = 1.

(b) Find an orthogonal matrix P that diagonalizes A and find the diagonal
matrix D = PTAP.

Solution: For A; = —5, we have
4 2 =210 1 0 -110
( 2 4 2 0) Row operation = ( 0 1 1 0)
-2 2 410 0 0 010
1
The corresponding eigenvectoris K; = | —1 |.
1
For A, = A3 = 1, we have
-2 2 =210 1 -1 110
( 2 -2 2 O) Row operation = ( 0 0 0 O).
-2 2 =210 0 0 olo

Two corresponding orthogonal eigenvectors are

ol no()

143 16 142
The required orthogonal matrixis P =| —1/4/3 2/V6 0

143 146 —1/2

-5 0 0
The diagonal matrixis D= 0 1 0 |
0 0



