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Problem # 1. (5 marks) Let (un) be a sequence in Lp(Ω), 1 ≤ p < +∞ such
that un → u in Lp(Ω) and (vn) be a bounded sequence in L∞(Ω) such that vn → v
a.e.

i) Show that
∫
unvn →

∫
uv in Lp(Ω)

ii) Give an example to show that the boundedness condition on (vn) is essential.
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Problem # 2. (5 marks) Suppose that (un) is a bounded sequence in W 1,p(I)
such that un → u in Lp(Ω), 1 < p < +∞.

i) Show that u ∈ W 1,p (I) .
ii) How about p = 1? Hint: consider

un(x) =

{
xn, 0 < x < 1
1, 1 ≤ x < 2

iii) If I is bounded show that (i) holds for p = +∞
iv) (Do it home) How about I is unbounded and p = +∞?
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Problem # 3. (5 marks) On R, let

ρ(x) =

{
(x2 − 1)2, −1 < x < 1
0, ≤ |x| ≥ 1

a. Verify that ρ ∈ C1
0(R)

b. Construct a sequence (ρ
n
) satisfying

ρ
n
∈ C1

0(R), suppρ
n
⊂ [−

1

n
,
1

n
] and

∫
∞

−∞

ρ
n
(x)dx = 1

c. Let u ∈ W 1,p (R) , show that un = ρ
n
∗ u → u in L∞(R).
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Problem # 4. Define the linear functional F on H1
0 ((0, 2))by

F (u) =
∫ 1

0
fu, f ∈ L2 ((0, 2))

a. Show that F is well defined and bounded
b. Show that there exists g ∈ L2 ((0, 2)) such that

F (u) =
∫ 2

0
gu′, ∀u ∈ H1

0 ((0, 2)) .

and find g when f(x) = x2
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Problem # 5. (10 marks) Let I = (0, 1) and

H2
0 (I) =

{
v ∈ H2(I) / v(0) = v(1) = v′(0) = v′(1) = 0

}

a. Show that ||u|| = ||u′′||2 defines an equivalent norm on H2
0 (I)

b. Give a weak formulation of the problem

(P)

{
−u(4) +

∫ 1
0 u(t)dt = f in I

u(0) = u′(0) = u(1) = u′(1) = 0

when f ∈ L2(I) and show that (P) has a unique weak solution u ∈ H2
0 (I).

c. Show that u ∈ H4(I) ∩H2
0 (I)

d. Find u, if f(x) = 24.
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