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Exercise 1. Show that there is no ring homomorphism from Z[v/2] into Z[v/3].

Exercise 2. Show that every subring of Q is of the form S~!Z, for some multiplica-
tively closed set S of Z.

Exercise 3. Let A be a commutative ring, and let I, J be two (proper) ideals such
that every prime ideal of A contains either I or J but no prime ideal contains both
I and J. Prove that A = A; x A, for some (nontrivial) rings A; and As.

Exercise 4. Let K be a field and A = K[X,Y]/(X? XY,Y?).

(a) Find the invertible elements of A.
(b) Find all the principal ideals of A.
(c) Find all the ideals of A.

Exercise 5. Let I be a nilpotent ideal in a ring R, M and N be R-modules, and
f: M — N be an R-homomorphism. Show that if the induced map f : M/IM —
N/IN is surjective, then f is surjective.

Exercise 6. Let I, J be two ideals of a ring R. Show that
(R/I) @r (R/J) = R/(I + J).
Exercise 7. Let K be a field. Show that K[X] ®x K[Y] = K[X,Y].

Exercise 8. Let f : A — B be a morphism of rings and J be an ideal of B and q
be a prime ideal of B. Show that if J is g-primary, then f~1(J) is f~!(q)-primary.

Exercise 9. Let A be a ring and let A[X] be the ring of polynomials in an inde-
terminate X, with coefficients in A. Let f = ag+ a; X + ... + a, X™ € A[X]. Prove
that:

(a) fisaunit in A[X] if and only if ag is a unit in A and a4, . .., a, are nilpotent.

(b) f is nilpotent if and only if ag, ay, ..., a, are nilpotent.

(¢) f is a zero-divisor if and only if there exists a # 0 in A such that af = 0.



