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Exercise 1 (5 points)
Let f be continuous on the interval [0,1] to R and such that f (0) = f (1). Prove that there
exists a point c ∈ [0, 1

2 ] such that f (c) = f (c + 1
2 ).

Exercise 2 (8 points)

1. Let f : A→R be a uniformly continuous on a subset A of R.

(a) Prove that if (xn) is a Cauchy sequence in A, then ( f (xn)) is a Cauchy sequence
in R.

(b) Prove that if A is bounded, then f is bounded on A.

2. Show that the function f (x) =
1
x

is uniformly continuous on [1,∞) but that it is not

uniformly continuous on (0,1).

Exercise 3 (8 points)

1. Prove that 1 +
x
3
− x2

9
< (1 + x)1/3 < 1 +

x
3

if x > 0.

2. Prove that
2
π

x ≤ sin x ≤ x if x ∈ [0,π/2].

Exercise 4 (8 points) Let pn(x) = x− x2

2
+

x3

3
+ . . . + (−1)n−1 xn

n
. Prove that

1. |ln(1 + x)− pn(x)| ≤ 1
(x + 1)n+1 .

|x|n+1

n + 1
if x ∈ (−1,0],

2. |ln(1 + x)− pn(x)| ≤ xn+1

n + 1
if x ∈ [0,1].

Exercise 5 (10 points)

1. Let F and G be continuous on [a,b] and differentiable on (a,b). Show that there exists
c ∈ (a,b) such that

(F(b)− F(a))G′(c) = (G(b)− G(a))F′(c).

Hit : Consider H(x) = [F(b)− F(a)] [G(x)− G(a)]− [G(b)− G(a)] [F(x)− F(a)] .

2. Let n ∈N, f , g ∈ Cn([a,b]) such that f (n+1) and g(n+1) exist and are continuous on the
open interval (a,b).

(a) Let F(x) :=
n

∑
k=0

f (k)(x)
k!

(b− x)k. Prove that F is continuous on [a,b] and differen-

tiable on (a,b), F(b) = f (b), and

F′(x) =
f (n+1)(x)

n!
(b− x)n.



(b) Prove that there exits c ∈ (a,b) such that[
f (b)−

n

∑
k=0

f (k)(a)
k!

(b− a)k

]
g(n+1)(c) =

[
g(b)−

n

∑
k=0

g(k)(a)
k!

(b− a)k

]
f (n+1)(c).

(c) Application: Let I ⊂R be an interval and let a ∈ I. Suppose that the derivatives
f (n+1), g(n+1) exist and are continuous on I. If f (k)(a) = 0 and g(k)(a) = 0 for
k = 0,1, . . . n, but g(n+1)(a) 6= 0 Show that

lim
x→a

f (x)
g(x)

=
f (n+1)(a)
g(n+1)(a)

.

Exercise 6 (8 points)
Fix a positive number α and consider the series

∑
k≥2

1
kα lnk

For what values of α does this series converge?
Exercise 7 (8 points)

1. If the sequence of partial sums sn of
∞

∑
n=1

an satisfies lim
n→∞

sn√
n
= 0, show that the series

∞

∑
n=1

an

n
converges to

∞

∑
n=1

sn

n(n + 1)
.

2. Find
∞

∑
n=1

(
1 + 1

2 +
1
3 + . . . + 1

n+1

)
n(n + 1)

.

Exercise 8 (7 points)
Suppose that none of the numbers a,b, c is a negative integer or zero. Prove that the
hypergeometric series

ab
1!c

+
a(a + 1)b(b + 1)

2!c(c + 1)
+

a(a + 1)(a + 2)b(b + 1)(b + 2)
3!c(c + 1)(c + 2)

+ . . .

is absolutely convergent for c > a + b and divergent for c < a + b.

Exercise 9 (8 points)
Let fn(x) = xn − x2n for 0≤ x ≤ 1 and n ∈N. Does the sequence ( fn) converge pointwise
on [0,1]? Is the convergence uniform?
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