MATH 470.1 (Term 122)
Homework Exercises 3 (Sects. 5.6-5.8) Due date: April 29, 2013

1. Assume that u satisfies an inhomogeneous 1-D wave equation on an interval [0, L)

Uy = gy + flz,;t); forOic z < Lt >0, (1)
with given inhomogeneity f and constant phase velocity ¢ > 0.
a.) Show that the following integral relationship holds for any interval [a, b] with 0 < a,b < L:

d [°1 ?
& 302 + )z = Cul + f fudz (2)

(Hint: Multiply the wave equation by u,, integrate over [a, b], then use integration by parts
on a suitable term. Note that 9,(u?) = 2uuy).
b.) Show that the IBVP (1), with

u(0,t) = u(L,t) =0, u(z,0) = g(z), for 0<z <L, t >0,

with g a given function, can have only one solution. (Hint: Assume there are two solutions;
take the difference and determine the conditions (PDe & boundary/initial values) that are
satisfied by the function. Evaluate the result a.) above for the difference function).

2. Consider the following heat problem in dimensionless variables

2

utzuu+%u-b, Dige<l. t>0 (3)
u(0,t)=0, u(l,t)=0, t>0 (4)
u(z,0) =y, 0<g<l. (5)

a.) Derive the equilibrium solution ug(z), that is, when u, = 0.
b.) Using up(x), transform the given heat problem for u(x,t) into the following problem for
a function v(z,t) :

2

vt=vn+%v, D<ol 320 (6)
v(0,t) =0, v(1,t)=0, t>0 (7)
v(z,0) = f(z), 0<z<]1, (8)

where f(z) will be determined by the transformation.
c.) For an appropriate value of o show that the transformation w(z,t) = e*v(z,t) further
simplifies the problem to

S =Aike: 0z < t>0 (9)
w(0,8) =0, w(l,t)=0, t>0 (10)
w(z,0) = f(z), 0<z<l. (11)

d.) Deduce the solution u of (3)-(5).



3. Suppose u is a bounded solution of the initial value problem
u = Kug, for —oco <z <00, t >0, u(z,0) = f(z) for —o0o <z < 00 (12)

for a given continuous function f, with u(z,t) — 0 uniformly in t as z — +o0c. K is a
positive constant. Show that
lu(z, t)| < max|f(z)] (13)
r€ER

for all z,t with —oc < < o0 and ¢ > 0. (Hint: apply the weak maximum principle on an
interval z € [—a,a] for ¢t > 0, and take the limit a — o0).
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