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Problem 1: Consider the boundary value problem
Vu=0 in D
u=f on dD

where D is a simply-connected 2D region with piecewise smooth boundary 9D.

1.) State the Maximum Principle for w on D. If f = 10 at each point on the boundary 9D,
what is u on D7 Explain your answer.

2.) Now let D be the disc of radius R centered at the origin,

D = {(z,y): 2*+y* < R}.

Name and state (without proof) another property of u which gives the value of u at the
center of the disc in terms of the values of u on the boundary D = {(z,y) : z*+y* = R}.
Use this result to find u(0,0) if on the boundary u takes the values

90, —-7w/2<60<m/2
u(R,0) =< 26, w/2<0<,
7, w<0<3n/2

Problem 2: Solve the Laplace equation in the rectangle 0 < z < a,0 <y < b,
V2'U(:B, y) =0,
with boundary conditions
v(0,y) = v(a,y) = v(z,b) =0,
v(z,0) = cos (551‘) :

Problem 3: 1.) Use Fourier integral or Fourier transform method to prove that the solution
of the Laplace equation for the lower half-plane, whose boundary conditions is the horizontal
axis:

Viu(z,y) =0, for —oco <z <00, ¥y <0,
u(z,0) = f(z) for — o0 <z < 00,

s ;s f(§)
e =% [ e

fa) = {0,2 z| > 2,

2, T2z 8

is

2.) Write the solution for

Problem 4: 1.) Solve the Laplace equation on the quarter unit disc

i 1
Vu(r,0) = v + ~Ur - ;—2999 =),



with boundary conditions

v(1,0) = g(8), v(0,6) bounded, 0< 8 < 7/2,

v(r,0) =0, v(r,%) =), QG<r<cl,

2.) Solve the heat equation problem on the unit quarter disc
u, = Vu(r,0,t), 0<r<l, 0<8<u/2, t>0,
with boundary conditions
u(l,6,t) = g(#), u(0,60,t) bounded, 0<6<m/2, t>0,
u(r,0,t) =0, ur, %,t) =0, 0<r<l, t>0
with initial condition
u(r,0,0) = f(r,0), 0<r<l1l, 0<@<m/2

Do not evaluate the coefficients in the solution. (Hint: set w(r,0,t) = u(r,0,t) — v(r,0), and
solve the problem for w).

3.) Prove the solution to 2.) is unique. (Hint: write the equation for the difference h = u;—us
of two solutions u; and uy, multiply this equation by h, and apply the Divergence Theorem,
and do not integrate by parts. No need to use r and 6, just denote the region by D.)
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