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Problem 1: Suppose that an infinite string has initial displacement

T+ 1, =1 <<
u(z,0) = f(z) = { 1 -2z, 0<z<1/2
0, z<-land z>1/2

and zero initial velocity u(z,0) = 0. Write down the solution of the wave equation
Uy = Ugy

with ICs u(z,0) = f(z) and w(z,0) = 0 using D’Alembert’s formula. Illustrate the nature
of the solution by sketching the uz-profiles y = u(z,t) of the string displacement for ¢ = 0,
t=1/2and t = 1.

Problem 2: The acoustic pressure in an organ pipe obeys the 1-D wave equation

4 2
Pit = C Pzx

where c is the speed of sound in air. Each organ pipe is closed at one end and open at the
other. At the closed end, the BC is that Pz(0,t) = 0, while at the open end, the BC is
p(L,t) = 0, where L is the length of the pipe.Given initial conditions p(z,0) = f(z) and
p(2,0) = g(z), use separation of variables to determine the Fourier-series solution of the
IBVP.

Problem 3: Solve the IBVP

u“=9uzz+54$2 f0r0<1‘<1,t>0
u(z,0) = u(z,0) =0 for0<z<1
w(0,8) = u(l,t) =0 fort > 0.

(Hint: write u(z,t) = U(z,t) + f(z) in which U satisfies an homogeneous PDE and solve
this PDE to find U, then deduce the solution u)

Problem 4: Consider the homogeneous heat problem
Ut = Ugg;  Uz(0,8) =0 = uy(1,t); u(z,0) = f(z)

where t > 0,0 <z <1 and f is a piecewise smooth function on [0, 1].
1.) Determine the Fourier-solution of the IBVP.
2.) Write explicitly the solution in the case f(z) = ug, ug is a constant.

Problem 5: Consider the diffusion problem on the positive spatial axis
U = Kugy, forz >0, t>0,
with initial and boundary conditions
u(z,0) = f(z) forz >0, u,(0,t)=0 fort>0.

Here k is a positive constant, f a given function. Apply separation of variables to obtain a
bounded solution of the problem in terms of Fourier integral.
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