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Problem 1: Consider the first order partial differential equation
U,—; + ezuy = 1- (1)

1.) Write down the characteristic equation, and determine an explicit expression for the character-
istic curve in the z-y-plane.

2.) Apply a transformation induced by the characteristics, and try to find a general solution of the
transformed equation. After transforming that result back to the original variables, verify explicitly
that your solution satisfies equation (1).

Problem 2: Consider the first order quasi-linear partial differential equation
Uz +€euy = 1. (2)

1.) Determine the characteristics of (1), here meant as curves in T-y-u-space.

2.) Solve the equation (2) around the z-axis, for the Cauchy data u(z,0) = 1 given on the z-axis.
3.) Find two different solutions of equation (2) for Cauchy data u(z,e*) = z on the curve y=e",
4.) Show that there is no solution of equation (2) for Cauchy data u(z,e*) = 1 (here it is suffi-
cient to use the expression for the Cauchy data and the general solution of (2) found in Problem 1).

Problem 3: Consider the linear second order PDE with parameter a
Uz + QUgy + Tuy, = 0. (3)

1.) Depending on the value of a. determine the type of the PDE (hyperbolic, parabolic, or elliptic).
2.) For a = -8,

a.) State the characteristics equations of (3).

b.) Solve these for the characteristics curves, and sketch some of the characteristics.

c.) Apply a change of variables and transform the PDE (3) to its canonical form.

d.) Find a general solution of the transformed equation.

e.) Transform the solution back to the original variables z and .

f.) Verify that the general solution you've found satisfies the original equation (3).

Problem 4: Consider the linear second order PDE with parameter o
Uy + \/2‘81:,4, + Tuyy = 0. (4)

1.) State the characteristics equations of (4).

2.) Solve these for the characteristics curves.

3.) Apply a change of variables and transform the PDE (4) to its canonical form.
4.) Find a general solution of the transformed equation.

5.) Transform the solution back to the original variables = and y.

6.) Verify that the general solution you've found satisfies the original equation (4).

Problem 5: Consider the Cauchy problem for second order PDE
Uzz = QUgy + Yuyy + Uy + yuy = 0 (5)

with Cauchy data u(0,y) = y® and u,(0,y) = 4y given on the y-axis.

1.) Verify that the y-axis is not a characteristic of (5).

2.) Use the Cauchy data and the PDE to compute the first four terms of the Taylor expansion of
the solution of the Cauchy problem around the y-axis.
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