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Q1. (6 points) Find an interval centered about x = 1 for which the following
initial value problem has a unique solution:

(22 —4)y" + 22y — 3y =0, y(1) =0, /(1) = -1
Solution:

We know that the functions as(z) = 2% — 4, ay(z) = 27 and ag(z) = —3 are
all continuous on any interval containing x = 1,

and ag(z) = 0 if z = £2.

Thus, the required interval is I = (0, 2).

Q2. (a) (7 points) The functions y; = sin (z*) and y, = cos (z?) are both solu-
tions of the differential equation

xy" —y + 423y = 0.

Verify that y; and g, form a fundamental set of solutions of the given
equation on the interval (0, c0).

Solution: The Wronskian of yy, ys is

sin () cos (2%)
W(y1,y2) = = —2xsin (xQ)—2x cos (mQ) = 2.

2z cos (z?)  —2xsin (2?)

W(y1,y2) = 0 if and only if = 0. Thus, the set y,ys is linearly inde-
pendent on the interval (0, 00). Since y; and y, are both solutions of the
given differential equation, we conclude that y,ys form a fundamental
set of solutions of the equation on the interval (0, c0).

(b) (6 points) Find a solution of the differential equation in part (a) that
satisfies the boundary conditions y (‘g) =2 and ¢/ (—‘/7;) =0.

Solution:

The function y = ¢ sin (2?) + ¢y cos (z?) is a two-parameter family of
solutions of the given differential equation. We have

y' = 2c1x cos (2°) — 2cowsin (27) .

Imposing the boundary conditions gives

c1 sin% + cos% =/2 and 2¢y (—\/TE) sin% — 2¢9 (_§> cos% =0

= =cy = 1.

Hence, the required solution is y = sin (2?) + cos (z?).
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Q3. (a)

(8 points) Verify that y,, = ze® and y,, = —4z° are, respectively,
particular solutions of

y' —3y +4y=e"(2x —1) and vy’ — 3y +4y = —162° + 24z — 8.
Solution:
Substituting y,, to the first equation gives
Yp, = 3y, + Ayp, = 2% + we® — 3(e" + we®) + dxe” = €"(2x — 1).
Thus, y,, is a particular solution of y” — 3y’ + 4y = (22 — 1).
Substituting y,, to the second equation gives
yr = 3yl + 4y, = —8 + 24z — 1627,

Thus, y,, is a particular solution of ¥ — 3y’ 4+ 4y = —162? + 24z — 8.

(5 points) Use part (a) to find a particular solution of
y" — 3y + 4y = 22 — 3z + 1 + 4xe” — 2.

Solution: The equation can be written as
1
y' — 3y 4+ 4y = 2e"(2x — 1) — g(—mx? + 247 — 8).

By the superposition principle (for nonhomogeneous equations),

1 . P
Yp = 2Yp, — gypz = 2zxe” + o

is a particular solution of the equation.
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Q4. (12 points) Given that y;(z) = x4 1 is a solution of the differential equation
(1 -2z —a?)y" +2(1 +2)y —2y =0,

find a second solution y,(x) of the equation.

Solution: The standard form of the equation is

Il+ 2(1+x) / 2

. S
1—2x—x2y 1—2x—x2y ’

The second solution is

_f 2(1+x) dz

e_fp(ﬂﬁ)dz e 1—2¢—a2
yo(z) = yl(yc)/—2 dr = (z + 1)/— dx

[y1 ()] (z +1)?
eln(@?+2z—1) 2 T —
~ 1) [ S =) [T

=(x+1)/[1—ﬁ} dx:(erl)/{erxLH} — 2?4z +2

Q5. (12 points) Solve the initial value problem
y" —y"+ 9y =9y =0, y(0)=13, y'(0) =0, y"(0) = 3.
Solution: The auxiliary equation is
m?—m?+9m—-9=0 = (m—-1)(m*>+9)=0
= my =1, my =31, mg=—3.
The general solution is
Yy = c1e” + ¢ cos 3x + cgsin 3.
We have
Yy = c1e” — 3cysin 3z + 3cgcos3x and Y’ = c1e” — 9cy cos 3z — 9eg sin 3.
Imposing the initial conditions gives
y(0) =c1 +co =13
Yy (0)=c14+3c3=0
v'(0)=c -9 =3 = =12, ca=1, c3=—4.

The solution is y = 12e” + cos 3z — 4 sin 3.
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Q6. (15 points) Solve the differential equation
y' —y=1x+cosz

by undetermined coefficients (annihilator approach).

Solution: From the auxiliary equation m? — 1 = 0, we have
Yo = C1€° 4 coe™ ",

Since D?r = 0 and (D* + 1)cosx = 0, we apply the differential operator
D?*(D? + 1) to both sides of the equation:

D*(D? +1)(D* - 1)y = 0. (1)
The auxiliary equation of (1) is
m*(m? +1)(m* — 1) = 0
= m =1 mo=-1 m3g=1, my=—1i, ms=mg=0.

Thus,
y=cre’ + e C 4+ c3cosxT + eysinx + c5 + cg.

After excluding the linear combination of terms corresponding to y., we have
Yp=A+ Bx + Ccosz + Dsinzx.

Substituting v, in the given equation gives

/"

Yy — Yp = —A—Bx—2Ccosx —2Dsinx = x + cosx.

Equating coefficients gives
1
A=0, B=-1, C:_ﬁ’ D =0.

We find ]
Yp = —T — §cos:c.

The general solution is

. x —xT 1
Y = c1e” + e —x—écosx.
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Q7. (16 points) Solve the differential equation
y' + 8y + 16y = 2 %%, 2 > 0.

Solution: From the auxiliary equation

m?* 4+ 8m + 16 = (m + 4)* = 0,

we have
Yo = cre % 4 coxe 1.
With the identifications y; = e ** and vy, = ze **, we next compute the
Wronskian
€—4m x€—4w s ) ) )
Wy, y2) = =e " —dre " +dxe T =e .
_467496 674x _ 4%6741
We identify f(z) = x7%e~%*. We obtain
0 re 4 .
W, = = g te78
x—26—4:1: 6—433 _ 4xe—4m
6—450 0 ) s
Wy = =x ‘e %,
4674:10 1.72674%
and
1 -1
U = —x = u =—Ilnz
Uy =172 = up=-—a "
Thus,
yy=—€ Plng —e
and the general solution is
Y=Y+ Yy, =cre ¥ +cpre ™ —e ¥inu.
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Qs.

(a)

(6 points) Find a homogeneous linear differential equation with constant
coefficients for which y = c1e72 + €% is the general solution.

Solution: From the general solution we know that the roots of the aux-
iliary equation are m; = —2, mo = 6. This gives the auxiliary equation

(m+2)(m—-6)=0 = m?>—4m—12=0.
Thus, the required equation is

y' — 4y — 12y = 0.

(7 points) Use part (a) to find a nonhomogeneous linear differential
equation whose general solution is y = c1e72% + cpe% + 22 + 22.

Solution: The nonhomogeneous equation is of the form
y' = Ay — 12y = g(x). (2)
Substituting y, = 2* + 2x to equation (2) gives
9(z) =y, — 4y, — 12y,
=2 —4(2x —2) — 12(2* + 22)
= —122° — 322 — 6.
Thus, the required nonhomogeneous equation is

Y’ — 4y — 12y = —122% — 322 — 6.



