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Problem # 1. (5 marks) Given two sequences (un) ⊂ Lp(Ω) and (vn) ⊂ Lp′

(Ω),
where p > 1 with 1/p+ 1/p′ = 1 and Ω is a domain of IRN . If un ⇀ u in Lp(Ω) and
vn → v in Lp′

(Ω) show that
∫
unvn →

∫
uv
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Problem # 2. (5 marks) Let u(x) = |x| − 1 and v(x) = u(x)
2+u(x)

, −1 < x < 1.

Show that v ∈ W 1,p
0 ((−1, 1)) , ∀p ≥ 1.
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Problem # 3. (5 marks) Let I = (−1, 1). We define on W 1,1
0 (I), the linear

functional F by 〈F, v〉 = v(0).
a. Show that F is well defined and bounded.
b. Find f0, f1 in L∞(I) which satisfy

v(0) =
∫ 1

−1
(f0v + f1v

′), ∀v ∈ W 1,1
0 (I).
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Problem # 4. (10 marks) Let I = (0, 1) and

V =
{
v ∈ H1(I) / v(1) = 0

}

a. Show that V is closed in H1(I)
b. Show that ||v||L2 ≤ ||v′||L2

c. If f ∈ L2(I) show that

(P1)

{
−u′′ = f in I
u′(0) = 0, u(1) = 0

has a unique solution u ∈ V ∩H2(Ω)
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Problem # 5. (10 marks) Given the problem

(P2)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−u′′ + v = f in I = (0, 1)
−v′′ + v − u = g in I
u(0) = 0, u(1) = 0
v′(0) = 0, v′(1) = 0

a. Show that, for f, g ∈ L2(I), problem (P2) has a unique weak solution (u, v) in
an appropriate space to be determined.

b. Show that if f = g then u− v ∈ H4(I)
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